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CHAPTER 1 AIM

1.1. The principal aim of this agreement is to standardize the exterior ballistic
trajectory simulation methodology for NATO Army and Naval Forces. The Lieske
Modified Point Mass model will be used for spin-stabilized projectiles and the Five
Degrees of Freedom model will be used for fin-stabilized rockets. Recommended
equations of motion for Aircraft-Dropped Pallets are also presented. This will facilitate
the exchange of exterior ballistic data and fire control information.

1.2 Related Documents
STANAG 4106 — Procedures to Determine the Degree of Ballistic

Performance Similarity of NATO Indirect Fire Ammunition
and the Applicable Corrections to Aiming Data

STANAG 4119 — Adoption of a Standard Cannon Atrtillery Firing Table
Format

STANAG 4144 — Procedures to Determine the Fire Control Inputs for Use
in Fire Control Systems

STANAG 4537 — Sub-Group 2 Shareable (Fire Control) Software Suite (S4)

STANREC 4618 — The Six/Seven Degrees of Freedom Guided Projectile
Trajectory Model

STANAG 6022 — Adoption of a Standard Gridded Data Meteorological
Message

AOP-37 — NATO Armaments Ballistic Kernel (NABK)

ISO 2533-1975(E) - The ISO Standard Atmosphere
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CHAPTER 2 AGREEMENT

Participating nations agree to use the Lieske Modified Point Mass Trajectory Model
for spin-stabilized projectiles and a Five Degrees of Freedom Model for exterior
ballistic trajectory simulation of fin-stabilized rockets.
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CHAPTER 3 GENERAL

This agreement permits some flexibility by accommodating certain specific national
aerodynamic conventions and ballistic data analysis procedures.
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CHAPTER 4 DETAILS OF THE AGREEMENT

The details of the agreement are given hereunder and are divided into the following
four parts:

4.1  Equations of Motion for Projectiles and Rockets

A. Equations of Motion for Spin-Stabilized Projectiles
B. Equations of Motion for Fin-Stabilized Projectiles
C. Common Equations of Motion

4.2  Equations of Motion for Aircraft-Dropped Pallets
4.3  List of Symbols

4.4  Comparison of Aerodynamic Coefficient Symbols
4.5 List of Data Requirements
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4.1 EQUATIONS OF MOTION FOR PROJECTILES AND ROCKETS

The following equations constitute mathematical models representing the flight of:
(1)  spin-stabilized projectiles, and
(2) fin-stabilized rockets
that are dynamically stable and possess at least trigonal symmetry. The
mathematical modeling is accomplished mainly by: (a) including only the most
essential forces and moments, (b) for spin-stabilized projectiles, approximating the
actual yaw by the yaw of repose neglecting transient yawing motion, and (c) applying
fitting factors to some of the essential forces to compensate for the neglect or
approximation of other forces and moments. All vectors have as a frame of
reference a right-handed, orthonormal, ground-fixed, Cartesian coordinate system

with unit vectors (1, 2 and 3) as shown in Figure 4-1.

Assume that the body can be considered a solid of revolution, and assign to the axis
of rotational symmetry a unit vector X in the chosen coordinate system. Since the
rigid body is to represent a projectile or rocket, the direction of X from tail to nose is
defined as positive. The total angular momentum of the body can now be expressed
as the sum of two vectors in the ground-fixed coordinate system:

(1)  The angular momentum about X, and

(2)  the angular momentum about an axis perpendicular to X.
The angular momentum about X has the magnitude (1, p); where I, isthe

moment of inertia of the body about X, and p is the axial spin or angular velocity
about X, in radians per second. Therefore, the total angular momentum about X can
be represented by the vector (I, p X). In this document, a positive p is defined as a
rotation which would cause a right-hand screw to advance in the direction of X.

A

L7 i

3

v

-l

Figure 4-1. Cartesian Coordinate System with Unit Vectors
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The total angular velocity of the body about an axis perpendicular to X is given by the
vector (7( X >‘<’) where the superscript dot refers to differentiation with respect to time.

Since the body possesses rotational symmetry about X, every axis through the
center-of-mass and perpendicular to X is a principle axis of inertia. If the moment of
inertia of the body about any transverse axis is | , the total angular momentum

about an axis perpendicular to X has the vector representation I, ()?x 7()

Let H denote the total vector angular momentum of the body. The vector
representation of H is:

H=1, px+1y (xxx) 1)

Let ZI\7I be the sum of the vector applied moments, and set ZM equal to the
vector rate of change of angular momentum.

H=>M @

In addition to these basic equations, two additional expressions are needed for use in
the force-moment system.

(H X)?)Zly X (3)

Equation (2) is the basic vector differential equations of angular motion in a fixed
coordinate system. The basic equation of motion for the center-of-mass is:

L
m )

where z F denotes the sum of the vector applied forces, m is the mass of the body,

and U is the vector acceleration of the center-of-mass in the fixed coordinate system.
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4.1.A. EQUATIONS OF MOTION FOR SPIN-STABILIZED PROJECTILES

Newton’s law of motion of the center of mass of the projectile is:

F=mi=DF+LF+MF+mg+mA (6)

where acceleration due to drag force, when i is used as a fitting factor, is:

DF 7 pid? v
?:_( gm J[CDO“LCDaz (QD“9)2+CDa4 Qo ae)“)vv (73)

or, when C is used as a fitting factor,

DF _ (zpm, 2 A
?=_( sCm j[CDO +CDa2 (Qp @) JFCDa4 (Qp @) jVV (7b)

or, when fp is used as a fitting factor,

DF __(ﬁpdz

? 8m

J(fDCDO +Cp , Qo @) +Cp, Qo ae)“jvv (8)

acceleration due to lift force is:

E_ zpd? f,
m 8m

2 -
J[CLa +CLa3 0562+CLQ5 ae4)v a, 9)

acceleration due to Magnus force is:

MF ”pdSQM pCmag—f = o
=— vV
m 8m (@ V) (10)

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)
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The magnitude of spin acceleration is given by:
. ”pd4pvcspin
81, (12)
where:
t
p=po+] pt (12)
0
is the magnitude of spin at time = t, and
_ 271 U,
Po = td (13)

C

is the magnitude of the initial spin of the projectile at the muzzle.

The yaw of repose is given by:

_ 81, plVxd
A — pf )2 . (14)
zpd(Cy +Cy , a;)V
where:
0
d,, =|0 (15)
0

is the initial value of the yaw of repose.

To begin the numerical integration of the modified point mass equations of motion
using a predictor-corrector method, one must predict the value of | using o?eo (Eq.

(15)) and then use this value of U to calculate a, using Eq. (14).

See Section 4.1.C for the velocity of the projectile with respect to the ground fixed
axis at time =t.

See Section 4.1.C for the velocity of the projectile with respect to the air at time =t.
See Section 4.1.C for the position of the projectile with respect to the ground axis at
time =1t.
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Aerodynamic jump, the initial correction to the trajectory due to the aerodynamic lift
force acting on the projectile, is given as a velocity correction:

_ Pol fLCLaV_VO

‘]A: A=

16
md*C,, V, (16)

Windage jump, the correction for wind shear between successive integration steps, is
given as a velocity correction:

(CLH +C_ a§+cL5ae4j f1, p(dxAW)
(Cy, +Cy , a@)ymd Vv’
where: AW = W, — W,_ (18)

andatt=0, W, =W, =0.

J, =Al, =

w

(17)

See Section 4.1.C for the position of the projectile with respect to the spherical
earth’s surface.
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4.1.B. EQUATIONS OF MOTION FOR FIN-STABILIZED ROCKETS

The equations of motion for fin-stabilized rockets are described during four phases of
the flight, namely, during launch, from launch to fin opening, from fin opening to the
end of motion requiring five degrees of freedom (5 DoF), and from the end of the 5
DoF segment to the end of the 3 DoF phase which normally is the burst point of the
warhead. Motor will normally be functioning from t, until before (near) the end of
Phase 3, Time of End of Five Degrees of Freedom (t, <t <tgs,). These phases

were chosen to represent those portions of the motion, which require significantly
different force and moment descriptions to properly simulate actual flight conditions.

Phase 1: Time Zero to Time of Launch (t, <t<t,)

Initial Launching Phase
The initial position of the center-of-mass, )?0 , With-respect-to the ground-fixed axis,
acceleration, and angular momentum for a rocket are as follows:

The drag force (ﬁ) thrust force (ﬁ) acceleration due to gravity and the

deceleration due to rocket-launcher friction are considered during the rocket-
launching phase. The equation of motion of the center-of-mass during the rocket
launch phase is given by:

F=md =(ﬁ +ﬁf)+ m|g (—sin QE — 1, cosQE)Y(0 (19)

NOTE: In this phase the rocket does not move before t =t, and is restricted
to forward motion, i.e., for Eq. (19):
F =0 for t<tg, or whenever F <0

where acceleration due to drag force is:

DF zipd? _
m =_( 8/:n jCDO V2 X, (20)

acceleration due to thrust force is:

E: (fT mf ISP+(Pr _P)Ae)xo
m m

(21)

and acceleration due to gravity (§) and X, are given in Section 4.1.C.
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[nitial Angular Momentum at Time of Launch (t,)
At t_, the initial angular momentum of the rocket is assigned. p, , is the initial
angular velocity (spin) of the rocket about x, and Dy and @, , are the transverse

angular velocities of the rocket at t, . Dy and @, , are used to match the

observed angular performance of the rocket. The initial value of I:I(tL) Is given by:

—o, sin QEcos AAZ —w, = SiNAAZ
t T

Hi = Txen Peo X tlvan| T @y, €0 QE (22)
—o, sinQEsin AAZ +w, = COSAAZ
L L

where:

Xe) = %o (23)

Phase 2: Time of Launch to Time of Rocket Fins Opening (t, <t<t.y)
Use aerodynamics for rockets with fins closed.

Equation of Motion of the Center-of-Mass of the Body
The motion of the center-of-mass of the body is a summation of the accelerations acting

on the body and is given by:

—_

F=mi=DF+LF+MF+PDF+TF+mg+mA (24)

where:
acceleration due to drag forces is:

DF  (zpid? ( 2) ;
~ _—( o cho +Cyp, (@) Jv¥ (25)

acceleration due to lift forces is:

acceleration due to Magnus forces is:

MF d*C B,
MF __ TP mag- f (H ) X)(XXV) (27)

m Iy 8m
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acceleration due to pitch damping force is:
7 pd®lC, +C -
PDF _|Z 7 (C +Cu) v(H xx) (28)
m I, 8m
acceleration due to thrust force is:

m m

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)

NOTE: (See Annex C or D for m;)

Equation of Angular Momentum of the Body

The angular momentum of the body is the summation of the moments acting on the body
and is given by:

Ijl =0OM + PDM + MM + SDM + FCM + AJDM +TJDM (30)
where:

Angular momentum due to Overturning Moment:

. 3
oM :(p‘; ”j(cMu +Cy o (¥ x¥) (31)

Angular momentum due to Pitch Damping Moment:

PDM = (p8d4 ”J (., +Cu, WA -(H -x)x] (32)

Y

Angular momentum due to Magnus Moment:

W == (p8d|4 ﬂ.j Cmag—m (l:i ’ 2) [(\7 ’ X) X _\7] (33)

Angular momentum due to Spin Damping Moment:
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—— (pd*nrx (~ ﬁ) "

SDM = I8 Coin VIH-X)X (34)
Angular momentum due to Fin Cant Moment:

ECM | P d*x 2

FCM = 3 C, eV X (35)
Angular momentum due to Axial Jet Damping Moment:

RS Y 2 .

AIDM =| T | (1 .x)x (36)
Angular momentum due to Transverse Jet Damping Moment:

UDM:(Q%EMH—@Lﬂﬂ (37)

Y

NOTE: (See Annex C or D for effects of changes in mass during burning.)

The angular momentum and unit vector along the longitudinal axis at time =t is:

to.
H=H,+[Hdt (38)

&

t
X =X, + [ Xdt (39)
6

where H,, is defined at Eq. (22), and

X)) = %o (40)

and

(41)

NOTE: While integrating the equations of motion during the 5 DoF phase, the

magnitude of the unit vector X should be normalized to the value 1.
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The yaw of the symmetric rigid-body («) is the included angle between X and V. The yaw
is defined as a positive quantity and the magnitude is given by:

o = arccos {(\7 : i)} (42)

The orientation of the yaw () is the angle of the plane containing Vv and X relative to the
vertical plane containing Vv measured in a clockwise direction. The orientation of the yaw
is given by:

w =arctan { (v %5 =3 %, )v } (43)

Vi (Vl Xy =V, Xl)_V3 (Vz X3 —V3 Xz)

Phase 3: Time from Rocket Fins Opening to Time of End of Five Degrees of
Freedom (tg <t<tg.p)

Same as equations in (t, <t<tg,) with aerodynamics for rocket with fins open. Define

tesp to begin after a small time interval after motor burnout (tgg ), to allow for
aerodynamic settling.

Phase 4: Time from End of Five Degrees of Freedom (t>t..)
Use point mass equations.
The center of mass of the projectile is:
F=mi=DF+mg+mA (44)

where acceleration due to drag forces is:

DF 7 pid? _
- :—[ /80m ]CDVV (45)

NOTE: (§, @, and A are defined in Section 4.1.C)
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4.1.C. COMMON EQUATIONS OF MOTION
Acceleration due to gravity is: X
1
R 2x
5 _ 2 3 Fe _ 2
g=-9, (R r*) i=—g, 4R (46)
R
where: g, =9.80665 [1—.0026cos(2lat )| (47)
r=X-R, (48)
0
R=|-R (49)
0
and R =6.356766 x 10® meters
Acceleration due to the effect of the Coriolis force is:
A=-2(&x10) (50)
where:
Q cos (lat) cos (AZ )
&= Qsin(lat) (51)

— Q cos (lat)sin (AZ)

and ©2=7.292115 x 10° rad/s
NOTE: For Southern Hemisphere, lat is negative.

The position of the projectile or rocket with-respect-to the ground axes is given by:

. . t
X=Xy,+| tdt
where: IO ©2
l, cos (QE) cos (AAZ)

Xy, +hw sin (QE) (53)
I, cos (QE)sin (AAZ)

Xo

is the location of the muzzle, i.e., initial position of the center of mass
of the projectile or rocket. For a rocket, I, =0.
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The position of the projectile or rocket with-respect-to the spherical earth’s
surface is given by the approximation:

El
E=|E, (54)
ES
where:
E, =Rxsin™ X (55)
\/Xl2 +(R+ X2)2
E, =X+ X, +(R+X,)’ -R (56)
E,=Rxsin™ Xs (57)
X2+ (R +X,)?

The velocity of the projectile or rocket with-respect-to the ground fixed axes at time =
tis:

0=+ [Udt (58)
0
where:
U, cos (QE)cos (AAZ)
U, = U, Sin(QE) (59)
u, cos (QE) sin (AAZ)

The velocity of the projectile or rocket with-respect-to the spherical earth’s
surface is given by the approximation:

E,
E=|E, (60)
E,
where:
Uy _Xl[xlul+(x2+R)uZ]
. aE,) VX +H0G+RY X2+ (X +R)Z%
I R 2
X
\/1_ 2 ; 2
X2 +(X, +R)
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Ez _ a(Ez) _ [X1u1 + X4, +(X2 + R)Uz] (62)

ot X2+X+(X, +R)

Us _XS[XSU3+(X2+R)L|2]
. aE,) \/X32+(X2+R)2 [x 2+ (x +R)2]%
£, =222 R s 0 (63)
ot \/ X.2
1- 2 : 2
X2+ (X, +R)
The velocity of the projectile or rocket with-respect-to the air is given by:
V=0-W (64)
and Mach number:
M =v/a (65)
where the speed of sound, a, is:
=) 1/2
azp—} =20.046796(T,, +273.15)"/2 (66)
Yo
y = ratio of specific heats for air
P = air pressure
e L 0.003483678761P
p = air density = T, +273.15 (67)

T, = virtual temperature

NOTE: Values used in (66) and (67) referenced from STANAG 6022.
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4.2. EQUATIONS OF MOTION FOR AIRCRAFT-DROPPED PALLETS

The equations of motion for aircraft-dropped pallets are described during five phases
of the flight, namely, from rest to aircraft ramp, from aircraft ramp to aircraft exit, from
aircraft exit to the end of free fall stabilization (main parachute deploy), main
parachute inflation, and from the end of main parachute inflation to ground impact.
These phases were chosen to represent those portions of the motion, which require
significantly different force and moment descriptions to properly simulate actual flight
conditions.

Coordinate Frames

All vectors have as a frame of reference a right-handed, orthonormal, Cartesian
coordinate system. The origin of this coordinate system is the projected point on the
ground of the nose of the carrier aircraft. The aircraft initial orientation is free in rotation
about the X2 (yaw) and Xs (pitch) axis. No rotation is allowed about the X1 axis (roll),
and the aircraft is always assumed to have zero roll (wing parallel to the ground).
Positive values are as defined in Part | — Equations of Motion for Projectiles and
Rockets.

Positive Directions for Pallet Drop Coordinate Frame

X / —
o I | (/
/"'__ A e
N R
+X, +X;
/\
B =
7 W Ny 7
E_ e .; N8
A RN
l— =)
r’//_-:’:;u.___ “‘j +x1
e %
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Phase 1: Time Zero to Time at Aircraft Ramp (t, <t <t,;)

From Rest to Aircraft Ramp

Phase begins at time zero, when the pallet first moves from rest at its starting station
within the aircraft and ends when the pallet center of mass reaches the end of the
cargo area. During this phase, the pallet motion is constrained to motion along the
aircraft cargo deck.

Phase 1: Time Zero to Time of Aircraft Ramp

The initial position and acceleration of the center-of-mass, with-respect-to the
ground-fixed axis, for a parachute-pallet system are as follows:

The initial position of the pallet with-respect-to the ground fixed coordinate
frame is given by:
X, + L, [cos(ex, + ap, )cos AAZ |
X, = X, + L sin(a, +ap) (68)
X, + L[cos(a, + ap )sin AAZ ]

where:

L, = initial position, X1 direction, of pallet within aircraft (69)
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The drag force (af) of the drogue parachute or the thrust force (T_If) of personnel
pushing the pallet, friction force between the pallet skid and the aircraft cargo deck

(ﬁf) normal force of aircraft acting upon the pallet, acceleration due to gravity, and

acceleration due to Coriolis are considered during this phase. The pallet is initially at
rest with-respect-to the aircraft and is resting on the aircraft cargo deck. The equation
of motion of the center-of-mass of the pallet during this phase is given by:

F=mi=DF+TF +FF + F, +mg+mA (70)
where:

mass of the pallet/parachute system is:
m = mp+ Mg+ Mm (72)

acceleration due to drogue parachute drag force is:

DE C, S, i
DF :[P D,D 20D D]V(_v) (72)
m 2m

where:
Cp,p = coefficient of drag of drogue parachute

S,p =Cross sectional area of drogue parachute
I, =drag form factor for drogue parachute

acceleration due to thrust force due to personnel pushing is:

U (F%j(— %) (73)
where:
F.» =function of force applied by pushing. To be determined.
X, = pallet movement unit vector defined as:
cos(a, + a,, )cos AAZ
Xp = sin(a, +ap) (74)
cos(a, + o )sin AAZ
where:

o, = angle of aircraft body axis with-respect-to horizon
a, = angle of aircraft cargo deck with-respect-to aircraft body axis
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acceleration due to friction force between the pallet and aircraft cargo deck is:
FF F
E = (qu N JXP (75)
m m

u, =coefficient of sliding friction (See Section 4.1.B)

F, =normal force between the cargo deck and pallet, defined as:

where:

F, = (OF + mg)- (- %, )R, +|(OF +mg)- (- % ) (76)

Where the forces in the X,, (normal) direction prevent the pallet from
falling through the aircraft floor, and the forces in the X, (sideways)
direction prevent the pallet from leaving the guide rails on the deck. X, is
perpendicular to both X, and X, , defined as: X; =X, x X

and

F, >0

if normal force is negative, then the pallet leaves the deck, and the
equations for this phase are not valid.

where:

X, = normal unit vector, perpendicular to the plane of pallet movement
with the positive direction pointing towards the aircraft ceiling.

—sin(a, + ap )cos AAZ

N = cos(a, +ap) (77)
—sin(a, + ap )sin AAZ

i
|

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)

Phase 1 ends at time: t =t,; which is defined as the time when the center of mass of
the pallet moves to the end of the aircraft cargo deck. The relative movement of the
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cargo pallet with-respect-to the aircraft cargo deck must be tracked and the following
assumptions must be made.

aircraft speed is constant and is equal to initial values defined as:

-

(78)

Pl
o
I
<. N><. <.

w

relative displacement pallet must move (with-respect-to starting position) to end
the phase is given by:

Leps = Lo — L4 (79)
Phase 2: Time from Aircraft Ramp to Time of Aircraft Exit (t,; <t<t,.)

Phase begins when the pallet center of mass reaches the end of the cargo area and
ends when the pallet center of mass reaches the end of the ramp. This allows for
simulation of motion when the aircraft has a ramp oriented at a different angle than
the floor of the aircraft cargo section. During this phase, the pallet motion is
constrained to motion along the aircraft cargo ramp.

Phase 2: Time from Aircraft Ramp to Time of Aircraft Exit
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From Aircraft Ramp to Aircraft Exit

The position and acceleration of the center-of-mass, with-respect-to the ground-fixed
axis, acceleration for a parachute-pallet system are as follows:

The drag force (ﬁf) of the drogue parachute, friction force (ﬁ) between the pallet

skid and the aircraft cargo deck, and acceleration due to gravity are considered
during this phase. The pallet has is moving on the aircraft cargo deck ramp. The
eqguation of motion of the center-of-mass during this phase is given by Equation (70).

where:

mass of the pallet/parachute system is:
(See Equation 71)

acceleration due to drogue parachute drag force is:
(See Equation 72)

acceleration due to thrust force due to personnel pushing is:
TF _ 0 (80)
m
acceleration due to friction force between the pallet and aircraft cargo deck is:
(See Equation 75)

where:
X, = pallet movement unit vector defined as:
cos(a, + ap + oy )COS AAZ
X, = sin(a, +ap +ag) (81)
cos(a, + ap + ag )sin AAZ
a, = angle of aircraft body axis with-respect-to horizon
a, = angle of aircraft cargo deck with-respect-to aircraft body axis
a, = angle of aircraft cargo ramp axis with-respect-to aircraft
cargo deck
and:

X, =pallet movement normal unit vector defined as:
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—sin(a, + a, + ag )cos AAZ
Xy = cos(a, +ap +ag) (82)
—sin(a, + oy + ag )sin AAZ

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)

Phase 2 ends at time: t =t,. which is defined as the time when the center of mass of

the pallet moves to the end of the aircraft cargo ramp and exits the aircraft. The relative
movement of the cargo pallet with-respect-to the aircraft cargo deck must be tracked
and the following assumptions must be made.

aircraft speed is constant and is equal to initial values defined as:
(See Equation 78)

relative displacement pallet must move (with-respect-to starting position) to end

the phase is given by:
LEP2 = LEPl + LR (83)

Phase 3: Time of Aircraft Exit to Time of Main Parachute Deploy (t,. <t<t,)
When pallet reaches the end of the aircraft ramp, it is no longer constrained by the

aircraft and is in a free fall stabilizing motion with either no parachute or the drogue
parachute deployed.
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Phase 3: Time of Aircraft Exit to Time of Main Parachute Deploy

mg

where:
t, =8sec
(best estimate, equation as a function of mass and altitude TBD)

Equation of Motion of the Center-of-Mass of the Body

The motion of the center-of-mass of the body is a summation of the accelerations
acting on the body and is given by:

F=mi=DF,+DF+mg+mA (84)
where:
mass of the pallet/parachute system is:

(See Equation 71)

acceleration due to drag force of the pallet is:

DF, PCppSoplp _
= 2 V(—V 85
- ( om j( ) (85)
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where:
Cp,p = drag coefficient of pallet

S,p =cross sectional area of pallet
I, =drag form factor of pallet

acceleration due to drag force of the drogue parachute is:
(See Equation 72)

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)

Phase 4: Time of Main Parachute Deploy to Time of Main Parachute Inflation (
t, <t<t,,)

Parachute-pallet system deploys main parachute after free-fall stabilization. Use
aerodynamics for pallet without drogue parachute deployed and gradually include drag
of main parachute as it unfolds and inflates. Phase ends when the main parachute is
fully inflated.

Equation of Motion of the Center-of-Mass of the Body

The motion of the center-of-mass of the body is a summation of the accelerations
acting on the body and is given by Equation 17:

where:

mass of the pallet/parachute system is:
m = Mmp+ Mm (86)

acceleration due to drag force of the pallet is:
(See Equation 85)

acceleration due to drag force of the main parachute is:
DF :(pCDOMISOMiM jv(_v)
m 2m

(87)

where:
S, =cross sectional area of main parachute

Iy =drag form factor of main parachute
Cp,m =drag coefficient of main parachute during inflation
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given by the equation:

Com = for (t, <t<t, +t,.) (88a)
C
Com = %{t —(t, +t,)} for (t, +t, <t<t,+t, +t) (88b)
Co Phase 5
Phase 4

CD Pallet + CD Main

CD Pallet

Time

~—~t
[oX
[v)

1
1
1
1
1
I
|
1
1
1
1
1
1
I
1
1
1
1
1
1
1
|
1
1
1
I
1
1
1
1
1
1
1
1
I
1
1
1
1
1
1
1
1
I
1
1
T
1
|
1
1
1
1
1

|

Time vs. Total Coefficient of Drag during Parachute Inflation

where:
t,.= time of delayed inflation (input)
t,= time for main parachute inflation and is given by the equation:
f =20 (89)
o] 2 C)
70 3
where:

D, = circumferential diameter of the fully inflated parachute
C, = effective porosity of parachute fabric
V, = velocity at beginning of inflation (t =t, +t,,)

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)
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acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)

Phase 5: Time of Main Parachute Inflation to Time of Ground Impact (t,, <t<t;)

Parachute-pallet system has main parachute fully inflated. Use aerodynamics for pallet
with main parachute deployed. System is in a state of equilibrium at terminal velocity,
perturbed only by changes in air density and wind speed and direction.

Phase 5: Time of Parachute Deploy to Time of Ground Impact

X

DI:main chute

mg

Equation of Motion of the Center-of-Mass of the Body

The motion of the center-of-mass of the body is a summation of the accelerations
acting on the body and is given by Equation 84:

where:

mass of the pallet/parachute system is:
(See Equation 85)

acceleration due to drag force of the pallet is:
(See Equation 86)
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acceleration due to drag force of the main parachute is:
DF ComSoul
DF :(P DoM ©0M 'M JV(_V) (90)
m 2m

where:
Cp,m =drag coefficient of main parachute (fully inflated)

S, =cross sectional area of main parachute (fully inflated)
Iy =drag form factor of main parachute (fully inflated)

acceleration due to gravity (g ) is:
(See Section 4.1.C, Common Equations of Motion)

acceleration due to the Coriolis effect (A) is:
(See Section 4.1.C, Common Equations of Motion)
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Additional Data Requirements for Aircraft Dropped Cargo Pallets
(1) Physical Data Symbol
Pallet mass mp
Drogue parachute or delay element mass Mg
Main parachute mass Mm
Total length of aircraft cargo deck Lo
Total length of aircraft cargo ramp La
Length (from initial position) to end phase 1 Lo,
Length (from initial position) to end phase 2 Lep,
Angle of aircraft body with-respect-to horizon a,
Initial aircraft position with-respect-to ground fixed coordinates X1, Xy, X
Initial pallet position with-respect-to ground fixed coordinates X 6
Initial pallet velocity with-respect-to ground fixed coordinates io
Initial position, in X; direction, of pallet within aircraft L,
Angle of aircraft cargo deck with respect aircraft body a,
Cross sectional area of drogue parachute Soo
Drag form factor for drogue parachute iy
Angle of aircraft cargo ramp with respect aircraft cargo deck ag
Cross sectional area of pallet Sep
Drag form factor of pallet in
Cross sectional area of main parachute Sou
Drag form factor of main parachute iy
Function of force applied by pushing. To be determined. Fue
Circumferential diameter of the fully inflated main parachute D,
Effective porosity of parachute fabric C.
Cross sectional area of main parachute (fully inflated) Sou
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Drag form factor of main parachute (fully inflated) iy

Time of delayed inflation ty,

Time of parachute opening t,

(2) Aerodynamic Data Symbol

Drag coefficient of drogue parachute CDOD

Drag coefficient of pallet CDOP

Drag coefficient of main parachute during inflation (;DOMI

Drag coefficient of main parachute (fully inflated) CDOM
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Symbol

AIDM

AZ

4.3. LIST OF SYMBOLS

Definition
Local speed of sound in air

Exit area of the motor jet

Angular momentum due to axial jet damping moment

Azimuth (Bearing) ofl axis measured clockwise from
true North

Ballistic coefficient

Drag force coefficient
Zero-yaw drag force coefficient

Quadratic drag force coefficient
Quartic drag force coefficient

Lift force coefficient

Cubic lift force coefficient
Quintic lift force coefficient

Fin cant moment coefficient
Overturning moment coefficient

Cubic overturning moment coefficient

Magnus force coefficient

AOP-4355

Units
m/s

kg m? rad/s?
mil *

kg/m?

none

none

1/rad?® **
1/rad*

1/rad

1/rad®
1/rad®
1/rad

none

1/rad?

1/rad?

1 mil = 1/6400 of a circle = 2n/6400 radians.

To aid in understanding, we use the symbol “rad” in place of the
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mag—m

CMq +Cy,

Cy, +Cu,

spin

AOP-4355
number 1 (one) for this dimensionless derived unit.
Magnus moment coefficient 1/rad
Pitch damping moment coefficient 1/rad
Pitch damping force coefficient 1/rad
Spin damping moment coefficient none
Reference diameter of projectile m
Drag force kg m/s?
Position of the center of mass of the body with-respect-to  m
spherical earth’s surface
Total force acting on the center of mass of the projectile or kg m/s?
rocket
Drag factor none
Lift Factor none
Thrust factor for rocket motor none
Angular momentum due to fin cant moment kg m?rad/s
Acceleration due to gravity m/s?
Magnitude of acceleration due to gravity at mean sea level m/s?
Total angular momentum of the body kg m®rad/s
Rate of change of the total angular momentum of the kg m?rad/s
body
Total angular momentum of the body at b kg m®rad/s
Specific impulse of rocket motor fuel N s/kg
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lat

LF

Po

P)
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Axial moment of inertia kg m?
Axial moment of inertia of the rocket at (&) kg m?
Transversal moment of inertia of the body kg m?
Transversal moment of inertia of the rocket at (t) kg m?
Form factor none
Distance from weapon trunnion to muzzle m
Latitude of launch point; for southern hemisphere lat is deg
negative
Lift force kg m/s?
Fuzed projectile or rocket mass at time t kg
Fuzed projectile or rocket mass rate of change at time t kg/s
Mass flow rate of the motor fuel kg/s
Reference fuzed projectile or rocket mass kg
Local Mach number none
Magnus Force kg m/s?
Angular momentum due to Magnus moment kg m? rad/s?
Angular momentum due to overturning moment kg m? rad/s?
Axial spin rate of projectile rad/s
Initial spin rate of projectile rad/s
Axial spin rate of rocket at t, rad/s
Local atmospheric air pressure Pa
Standard atmospheric air pressure at sea level Pa
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- (1.01325x10° Pa)
PDF Pitch damping force N
PDM Angular momentum due to pitch damping moment kg m? rad/s?
Qb Yaw drag fitting factor none
QE Quadrant elevation mil
Qu Magnus force fitting factor none
R Position of the center of the sphere, locally approximating m

the geoid
R Radius of the sphere, locally approximating the geoid m

Position of the center of mass of the projectile or rocket with m
respect to the center of the sphere, locally approximating the
geoid

=l

r Distance of the center of mass of the projectile or rocket m
from the center of the sphere, locally approximating the geoid

r, Distance from the body center-of-mass to the motor m
nozzle exit

le Radius of the motor’s mass flow exit m

I Distance from the body center-of-mass to the motor m

nozzle throat

SDM Angular momentum due to spin damping moment kg m? rad/s?
t Time variable (computed time of flight) S
te Twist of rifling at muzzle calibers/rev
tew Time of first rocket motion S
t, Time at end of rocket launch phase S
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<l

=

i

Xit)

x|
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Time at rocket fin opening S
Time at end of 5DOF phase for rockets S
Thrust force due to rocket motor thrust N
Angular momentum due to transverse jet damping kg m? rad/s?
moment
Virtual temperature °C
Time zero (beginning of calculations) S
Velocity of the projectile or rocket with-respect-to m/s
ground-fixed axes
Acceleration of center-of-mass in the fixed m/s?
coordinate system
Initial speed of projectile or rocket with-respect-to m/s
ground-fixed axes
Speed of projectile or rocket with-respect-to air m/s
Velocity of the projectile or rocket with-respect-to air m/s
Velocity of the air with-respect-to the ground (wind velocity) m/s
Unit vector along longitudinal axis of the rigid body none
Unit vector along longitudinal axis of the rigid body, none
Initially
Unit vector along longitudinal axis of the rigid body, none
at t,
Rate of change of unit vector along longitudinal axis of rad/s
the body
Position vector of the center of mass of the projectile or m
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rocket in the ground-fixed coordinate system
X, Initial position vector of the center of mass of the projectile m
or rocket
X Height of weapon trunnion above mean sea level m
a Total angle of attack rad
g Yaw of repose approximation rad
AAZ Difference between the weapon azimuth (bearing) and mil
the 1 axis measured clockwise
At Integration time step S
AW Difference in wind speed between the integration steps m/s
Al Velocity correction for windage jump m/s
£ Fin cant angle rad
Y Ratio of specific heats of air, 1.4 none
A Acceleration due to Coriolis effect m/s?
Hy Coefficient of sliding friction none
P Density (specific mass) of air kg/m?
7 Orientation of the yaw rad
@ Angular velocity of the coordinate system due to the rad/s
angular speed of the earth
@y, Transverse angular velocity of the body at (t, ) about an rad/s
axis perpendicular to the quadrant elevation of the weapon
in the vertical plane.
20, Transverse angular velocity of the body at (t, ) in the rad/s
vertical plane containing the weapon.
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Q Angular speed of the earth rad/s
° Denotes differentiation with-respect-to time st
when appears over variable or function
- Denotes vector when appears over variable none
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4.4. COMPARISON OF AERODYNAMIC COEFFICIENT SYMBOLS

Three different conventions have been widely used to describe the aerodynamic
coefficients associated with the force and moment system used to describe the
motion of the center of mass of a projectile. Table 4-1 provides a concise
comparison of the symbols. The first column lists the aerodynamic coefficient
symbols used throughout this document. These symbols are associated with a drag
force and lift force whose directions are defined with-respect-to the velocity vector of
the center of mass of the shell and perpendicular to that vector (in the plane of yaw)
respectively. The NACA symbols are associated with axial drag and normal forces
whose directions are defined with-respect-to the axis of the shell and perpendicular
to that axis (also in the plane of yaw) respectively. Consequently a rotational
transformation is necessary to completely relate these two sets of symbols:

CDO = CXO (91)
1

CDa2 :Cxa2 +Cza —ECXO (92)

CLa = CZa — CXO (93)

1
CL@{3 = C:zw3 _Ecza _Cx

(94)

v

The ballistic symbols shown have been slightly modernized to account for the fact
that the original set of symbols did not allow for some of the dependence of the
aerodynamic forces on yaw angle. The same logic as that used by the aeronautical

community was applied to affix the subscripts 0, &, a? and «* to the original
symbols.

NOTE: Equations (92) and (94) use the small angle assumption
cosa = (1—sin? a)¥? approximately equal to 1—%052. If instead one assumes

cos« is approximately equal to 1, then (92) and (94) become C,.=C :+C,
and C 2=C s, respectively. If one uses higher order coefficients, such as

C, - and C_ _, (92) and (94) may still be used with a negilable effect on

precision. The axial drag force and the drag force, af, used in this STANAG
are assumed to act in the same direction.
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Table 4-1. Aerodynamic Coefficient Symbols
Other Symbols . . -
Symbol NACA Ballistic C-to-K Relationship | Definition
C C K K Drag force
Do X Do Ko, 3 Co, coefficient
Quadratic yaw
Co, Cy, Ko, L= o ) drag force
8 coefficient
. Quartic yaw
Co , Cxs Ko, ,=<Co, drag force
8 "« coefficient
C -C K _T Lift force
L Za L « g Cu, coefficient
ju Cubic
C, C., K, . =—Cy, lift force
< 8 coefficient
Quintic
CLa5 C.s KLa5 = Zc, . lift force
“ 8 coefficient
pu Overturning
Cn, Cwm, Kwm, . ==Cn, moment
8 coefficient
Cubic
T overturning
Cw,: Cw,2 w2 M §CMa3 moment
coefficient
o Magnus force
Cag -1 e Ke Ke 8 Crag-1 coefficient
pu Magnus
Crnag-m Choe K; Kr === Cpagm moment
8 coefficient
C. +C C. +C __Z Damping force
(Cn, #Cn,) | (G, +C2,) Ks Ks 3 Cn, +Cn) | coefficient
ju Damping
(Cm, +Cwm,) | Cn, +Cr,) | Ky Ky === (Cy, +Ch, moment
8 coefficient
ju Spin damping
Cspin CIp KA KA = g Cspin moment
coefficient
C i Fin cant
's none Ke Ke 8 <, coefficient
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NOTE: Special symbols Cmag-f and Cspin are defined in place of Cnpe and Cyp to avoid
possible confusion where these symbols have been used differently in published data
(notably in the UK and US), where:

Crmagt = Cnpq for data nondimensionalized using pd/v (95a)
= (1/2) Cy,, for data nondimensionalized using pd/2v (95b)
Crnag-m= CMpg for data nondimensionalized using pd/v (96a)
= (1/2)Cn,m for data nondimensionalized using pd/2v (96b)
Cspin = Ciy for data nondimensionalized using pd/v (97a)
=(1/2) Ci,  for data nondimensionalized using pd/2v (97b)
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4.5 LIST OF DATA REQUIREMENTS

AOP-4355

Physical Data Requirements

Fin-Stabilized | Spin-Stabilized

Initial speed of projectile with-respect-to ground (muzzle Uo Uo
velocity)

Twist of rifling at muzzle tc
Initial mass of fuzed projectile Mo Mo
Reference mass of fuzed projectile mr mr
Reference diameter d d
Initial axial moment of inertia I Ix,
Axial spin rate of rocket at (t, ) Pa)

Axial moment of inertia at (t, ) Xy

Initial transverse moment of inertia Iv,

Transverse moment of inertia at (t, ) Yo

Specific impulse of rocket fuel lp

Mass flow rate of the motor fuel m;

Coefficient of friction yr

Fin cant angle £

Distance from body center of mass to motor nozzle exit le

Radius of motors mass flow exit Ine

Distance from body center of mass to motor nozzle
throat
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Aerodynamic Data Requirements Fin-Stabilized | Spin-Stabilized
Zero yaw drag force coefficient Co, Co,
Quadratic yaw drag force coefficient Cby2 Coyp2
Quartic yaw drag force coefficient Cop
Total drag force coefficient Co
Lift force coefficient CL, CiLy
Cubic lift force coefficient CLg3 CLgs
Quintic lift force coefficient CLss
Magnus force coefficient Crmag- Crag-
Overturning moment coefficient Cwm, Cmg
Cubic overturning moment coefficient Cwmg3 Cmg3
Spin damping moment coefficient Cspin Cspin
Magnus moment coefficient Cmag_m
Pitch damping moment coefficient CMq +C|v|d
Pitch damping force coefficient CNq +CNd
Fin cant moment coefficient C,

5

NOTE: Aerodynamic coefficients for fin-stabilized rockets are required for both the

fin closed and fin open configurations.

Fitting Factor Data Requirement Fin- Spin-
Stabilized Stabilized
Quadrant Elevation Fitting
Form Factor i i
Ballistic Coefficient C
Mach Number Fitting
Thrust Factor fr
Drag Factor fo
Quadrant Elevation and Mach Number Fitting

Adjustment to azimuth - differencg between actual and AAAZ)
computed deflection — for fin-stabilized rockets
Lift Factor fL fL
Yaw Drag Factor Qo
Magnus Factor Qm
Exit area of motor jet A,
Transverse vertical angular velocity of the body at (t, ) Dy
Transverse horizontal angular velocity of the body at (t, ) D2
Adjustment to time-of-flight — difference between actual
anél computed time-of-fli%ht AToF A ToF
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CHAPTER 5 IMPLEMENTATION OF THE AGREEMENT

This STANAG is implemented when a nation has issued instructions to the agencies
concerned to use the Lieske Modified Point Mass Trajectory Model for spin-stabilized
projectiles and a Five Degrees of Freedom Model for exterior ballistic trajectory
simulation of fin-stabilized rockets as detailed in this agreement.

44 Edition A Version 1

NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand



NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand
AOP-4355 ANNEX A

ANNEX A FORMS OF FIRE CONTROL INPUT DATA

1. Aerodynamic coefficients
Aerodynamic coefficients are given as a function of Mach number. These functions

are in the form of polynomials of fourth degree or less. They are defined over regions
of Mach number, from Mwax;; up to and including Mwax; .

Each aerodynamic coefficient is described by a series of polynomials of the form:

C =a,+a,M +a,M? +a;M*+a,M* (A.1)

Ci is a particular aerodynamic coefficient
M is Mach number

2. Fitting Factor:

a. Functions of Quadrant Elevation

Form factor (i) or ballistic coefficient (C) and lift factor (f.) are given for each charge
as follows:

f =a, +a,(QE) +2,(QE)” +a5(QE)’ (A.2)
where f =i, C, or f_

Yaw drag factor (Qp) and Magnus force factor (Qm) have been chosen as
constants. (See Table A-1)

. Functions of Mach Number:

Drag factor (fo) and lift factor (f) are quartic polynomials of Mach number. Yaw
drag factor (Qp) and Magnus force factor (Qm) have been chosen as constants.
(See Table A-1)

Function of Computed Time

The modeling of time used in this document may require a correction to the
computed time of flight for each charge as follows:

T=t+a, +at+at” +a;t (A.3)
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T is time of flight
t is computed time of flight

FACTORS IN EQUATIONS FOR MATCHING OBSERVED RANGE
FIRING DATA

Two fitting systems are used, quadrant elevation or Mach number as shown below:

Table A-1. Basic Fitting Data

Fitting Data as a Function of
Fitting to Quadrant Elevation Mach Number
[One function for each charge] | [Same function for all charges]
. *Form factor: i Drag factor: fp
First order
range, all
elevations (Drag factor: fp = 1) (Form factor: i = 1)
Drift Lift factor: f_ Lift factor: f
Second
order Yaw drag factor: Qp Yaw drag factor: Qp
range, high
angle
Vertex
height Magnus force factor: Qwm Magnus force factor: Qwm
and time of
flight

*In many countries a ballistic coefficient, C = m;/ i d 2, is in use as a fitting factor
instead of the non-dimensional form factor i.
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To compensate for the approximations in the equations of motion, aerodynamic coefficients,
rocket, projectile, rocket-assisted motor, and base burn motor performance, the factors
contained in Table A-2 are applied in order to create correspondence between the computed
and the observed range testing results.

Table A-2. Fitting factors for matching observed range firing data

Fitting Factors
. 5 DoF Modified Point Mass
Range Firing Fin- Rocket-
Data Stabilized | Projectiles| Assisted Base-Burn
Y Projectiles
Rockets Projectiles
Motor Burn fer, =0 fer, =0 fer, fer,
Time for, =0 for, =0 fgr, =0 fer,
Velocity After Rocket
Burning fr f; =0 fr f; =0
Change in Radial 3 B
Velocity During A A =0 A A =0
Rocket Burning
Velocity Vertical and Oy
Horizontal Angle after o
Rocket Burning 2(t)
[ [ [ [
Range fliggmr) =0 fliggmr)=q f(iggmur)=0 f(igg mr)
_ AAAZ) | A(AAZ)=0| AAAZ)=0 | AAAZ)=0
Deflection
Time-of-Flight AToF AToF AToF AToF
*Qptional

NOTE: See Annex C or D for further fitting factors for base-burn and rocket-
assisted projectiles
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. Fuze Setting

Fuze setting is given as a function of time of flight and initial spin as follows:

FS =ag +a,T +a, P +a5TPy +a,Tp,” +as Py’ (A.4)
or,
I:S_T+ao+a2p0 (A5)
by + by Po '

FS is fuze setting

T istime of flight

po is initial axial spin of projectile
. Muzzle Velocity Corrections

a. Muzzle Velocity Correction for Propellant Temperature

Muzzle velocity correction for propellant temperature is given for each charge as
follows:

AU, =a, +a,(PT —21)+ a,(PT - 21)° + a,(PT —21)°

(A.6)
AUp: is incremental change in muzzle velocity
PT is propellant temperature
b. Muzzle Velocity Correction for Cannon (Tube) Wear
The muzzle velocity correction for cannon (tube) wear for a specific
charge/projectile/cannon combination is given by
AU - AU, (a, +&,(EFC) +a,(EFC)?)
" @, + &, (EFC) + a,,(EFC)? +a,, (EFC)° (A7)

AUy, is incremental change in muzzle velocity

AU(EFC) is incremental change in muzzle velocity for the reference charge, i.e.,
the maximum charge compatible with the projectile/cannon combination evaluated
at the current EFC count.
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EFC is the current number of Equivalent Full Charge firings from the cannon.

ao,, a1,, a2 are the coefficients required to calculate the ratio of the incremental
change in muzzle velocity for the reference change (4U:) to the corresponding
incremental change in muzzle velocity for the it charge at the specified EFC. This
ratio is derived from the interior ballistics models or actual firing trials.

c. Muzzle Velocity Correction for Projectile Mass
Muzzle velocity correction for projectile mass is given for each charge as follows:

AU, =n,U;(m—m, )/m, (A.8)

AUn, is incremental change in muzzle velocity

n; is a constant factor derived from interior ballistic models or projectile mass
firings

Ui is firing table muzzle velocity for the it charge corrected for calibration,
propellant temperature and cannon wear

m is fuzed projectile mass

m; is reference mass of fuzed projectile

5. List of Additional Symbols for Forms of Fire Control Data

Symbol Definition Units
ai Constant coefficient none
bi Constant coefficient none
FS Fuze setting none
n Constant coefficient none
PT Propellant temperature °C
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T Time of flight S
U Firing table muzzle velocity m/s
AU, Change in muzzle velocity due to nonstandard m/s

Projectile mass

AU Change in muzzle velocity due to nonstandard m/s
Propellant temperature

AU, Change in muzzle velocity due to cannon m/s
(tube) wear
A(AAZ) Adjustment to azimuth — difference between actual mil

and computed deflection — for fin-stabilized rockets
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ANNEX B ADDITIONAL TERMS FOR PROJECTILES WITH BOURRELET
NUBS

The presence of nubs introduces terms in the expressions for certain of the
aerodynamic forces and moments, which are proportional to the nub setting angle and
independent of the spin rate.

1. Equations of Motion
Define Cmagf and Cspin as follows:

Crag-1 =Cu,, +Cy, 6, /(pd/v) for data nondimensionalized using pd /v (B.1)
=[C, +C, 4, /(pd/2v)]/2 for data nondimensionalized using pd /2v (B.2)
Coin=C,, +C,, 9, /(pd/v) for data nondimensionalized using pd /v (B.3)

=[C, +C, 4, /(pd/2v)]/2 for data nondimensionalized using pd/2v (B.4)

2. List of Additional Symbols
Symbol Definition Units

Spin moment coefficient, due to canted bourrelet 1/rad
nubs, at zero spin

CN; or Cyg Side force coefficient, due to canted bourrelet nubs, 1/rad
at zero spin
On Orientation of nub principal axis with-respect-to a plane rad

containing the projectile axis and the nub geometrical
center. Positive dn produces a positive rolling moment.

51 Edition A Version 1

NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand



NATO UNCLASSIFIED

Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand
AOP-4355 ANNEX B

3. Additional Data Requirements

Physical Data Symbol
Nub orientation o
Aerodynamic Data Symbol
Spin moment coefficient at zero spin Cy,
Side force coefficient at zero spin CNsn or Cy§n
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ANNEX C ADDITIONAL TERMS FOR SPIN-STABILIZED ROCKET-ASSISTED
PROJECTILES, SPIN-STABILIZED BASE-BURN PROJECTILES, AND FIN-STABILIZED
ROCKETS - METHOD 1

1. Introduction

This annex provides the equations required to simulate the flight of rocket-assisted
projectiles and the specific equations required to simulate the flight of base-burn
projectiles and fin-stabilized rockets.

2. Additional Terms for Spin-Stabilized Rocket-Assisted Projectiles

a. Add the following thrust term to the equation of motion of the center of mass of
the projectile shown at Eq. (1):

TF T*(Vcosa,
— = —+0a,
m m v

(C.1)

b. Zero yaw drag coefficient during the burning phase (toi <t <tg) is CDOT.

c. Thrust during the burning phase (toi <t < tg) is as follows:

T T+ (- P)A,

(C.2)
where:
T =Tgr (tDIST _tBST )/(tDI _tB)' (C.3)
and
t*= (t —1p )[(tDlST - tBST )/(tDI —tg )] + tD|ST (C.49)
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d. Mass of the projectile is given by:

mass att=0is m=mog (C.5)
for t < tp
mass at t=tp; iS M = Mo — Mpbi— MboEB (C.7)

fortopi<t<ts

(C.8)
fort>ts
m=0
(C.9)
m=m
B (C.10)
where:
Mg =My —Mp; —Mpog —Mi¢ (C.11)

3. Additional Terms for Spin-Stabilized Base-Burn Projectiles

a. The change in acceleration due to the base drag reduction of a base-burn motor,
, during3Burning (to; <t and m > mg) is added to the equation of motion of the
center of mass of the projectile which follows from Equation (1) of the main body
of this STANAG:

—_

(gjpdz v2C, (1) f(igg, MT)
BB=-

Veosea, .
+ O
m v

(C.12)
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b. The coefficient C, is the drag reduction coefficient during the burning phase. As
with other aerodynamlc coefficients, values of this coefficient are given by
polynomial functions of Mach number of fourth degree or less.

c. The characteristic flow rate function of the base-burn motor is given as follows:
f(1) = o If 1 <lo (C.13)
fl)y=1 If1> 1o (C.14)

where: | is the base-burn motor fuel injection parameter,
| 4m;
T zd,2 pv (C.15)

and lp is the injection parameter permitting optimum efficiency of the
base-burn motor. It is given as a function of Mach number. These
functions are in the form of polynomials of one degree or less. They are
defined over regions of Mach number, from Mwuax,, up to and including

Mwmax;.

NOTE: The function f(l) = I/lpis principally used for emptying phase and
eventually at the start of the burning phase.

d. The coefficient igg is a fitting factor which can be used, if necessary, to adjust the
drag reduction. igs is expressed as a polynomial function of the quadrant elevation,
QE, of third degree or less. ltis included for matching observed firing data during
the base-burn phase.

e. Mass of the projectile is given by:

for 0 <t <tp
m = Mo — Mca, (C.16)
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for tpj <t and m>mg

m=my (C.17)

M, ==Ve p, S (Mgs) (C.18)
where:

Mg = Mo - M¢ (C.19)

Mce = Mo -M (C.20)

Mcey is the mass of fuel burnt in the barrel;
V¢ is the combustion rate;
oo is the density of fuel;

Sc (mce) is the area of combustion at time t and will be expressed in the
form of a function of the mass of fuel burnt:

for Mg, <Meg < Mg

i+1

ai and bi are defined over regions of mcs, from mcs; _ , up to and
including mcg, _ ..

The combustion rate is given by:

Ve =V, f(MT)g(P)K(p) (C.22)
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where:

V¢, is the combustion rate obtained on the strand burner at standard
pressure and temperature

MT is the motor fuel temperature

_ AB(MT-21)
f(MT)=¢e (C.23)

P is the local atmospheric air pressure
9(P)=k P" (C.24)

p is the axial spin of the projectile

K(p) is determined from experiments to take into account the influence
of axial spin on the combustion rate, K(p) is a linear function of spin for

each charge.

The time of motor burnout, tg, is the time for which m = mg and it is a
program output.
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. Fitting Factors

To compensate for the approximations in this annex, certain fitting factors are
applied in order to create correspondence between the computed and the observed

range testing results.

Table C-1. Fitting Factors for Rocket-Assisted and Base Burn Projectiles

Fitting Function
Fitting Rocket-
; Base-burn
assisted .
P Projectiles
Projectiles
Change in
Radial Velocity ;
During Motor T
Burning
Base-burn, i t
Motor-burn . Dlt KI(DI)
Time Bl P
. [
Range I (g, 1)

5. The location of the center of mass for base burn and rocket-assisted projectiles is
given by:

(XCG - Xce )( m— mo)
Xew = Xpp + 0 B C.25
CG CG, { m, —m, ( )
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6. Common Equations for base burn and rocket-assisted, spin-stabilized projectiles,
and fin-stabilized rockets.

a. The overturning moment coefficient of the munition is given by:

(Xes — Xeg, )(Co, +Co, )}

(C.26)

Cy, =C,, +
MM|: d

where: C;‘,Ia is determined for the initial munition configuration and,
when tpi<t<tg, then Cp, equals CDOT for rocket-assisted
projectiles and fin-stabilized rockets.

b. The cubic overturning moment coefficient of the munition is given by:

(C.27)

(Xes = Xeg, )(cLas +Cp, ~1/2 cLa)]
d

where: C,, , Is determined for the initial munition configuration.

c. The axial moment of inertia of the munition is given by:

,X:,XO{(IXO—IXBMm—mO)} 28

7. The location of the center of mass, motor nozzle exit, motor nozzle throat, and
transverse moment of inertia for fin-stabilized rockets.

a. The location of the center of mass is given by:

(XCGfO - XCGB )( m— mB)

Xeo :XCGB + m

(C.29)
where:
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(Xce0 - XCGB)mO
(mo - mB)

CGyy XCGB

b. The location of the motor nozzle exit from the center of the mass is given by:
r,=0—Xc (C.30)

c. The location of the motor nozzle throat from the center of mass is given by:

rL=r,—r, (C.31)

e
d. The transverse moment of inertia of a fin-stabilized rocket is given by:

ly =1y, —(my=m)r2+mg (Xeg, —Xeo, F-m (X, ~Xeof  (C32)
where: r; is the radius of gyration of the fuel mass.

Figure C-1 illustrates the distances used for the determination of the transverse

moment of inertia of the rocket or projectile during motor burning.

XCG X("(E,, X('Gﬂ

: /
\1%’%%- ‘/ +/

+

Figure C-1. Distances Used for the Determination of the Transverse
Moment of Inertia
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8. List of Additional Symbols for Rocket-Assisted and Base-Burn Projectiles

Symbol Definition Units
Ae Exit area of jet m?

ai Coefficient (constant) none
bi Coefficient (constant) none
BB Acceleration due to drag reduction of base-burn motor m/s?
CDOT Zero yaw drag coefficient (thrust on) none
C:,, Overturning moment coefficient for initial projectile none

configuration

Cxpp Drag reduction coefficient during base-burn motor burning  none
d Reference diameter of projectile m

dy Diameter of projectile base m

e Base of natural logarithms none
f(isB, mT) Base-burn factor none
f(1) Function | none
f(MT) Combustion rate as a function of motor fuel temperature none
fr Thrust Factor none
a(P) Combustion rate as a function of atmospheric air pressure  none
iBB Fitting factor to adjust the drag reduction as a function none

of quadrant elevation

I Base-burn motor fuel injection parameter none
lo Base-burn motor fuel injection parameter for optimum none
efficiency
Isp Specific impulse Ns/kg
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Mo
Mms
Mcs
Mca,
Mpi
Mbos

Mg

MT

Pr

le

Axial moment of inertia of the projectile
Initial axial moment of inertia
Axial moment of inertia at burnout

Transverse moment of inertia

Initial transverse moment of inertia

Constant in burning rate versus pressure formula

Axial spin burning rate factor

Distance of the motor nozzle exit from nose
Initial fuzed projectile mass

Fuzed projectile mass at burnout

Mass of motor fuel burnt

Mass of motor fuel burnt in the barrel

Ignition delay element mass

Delay obturator mass

Projectile fuel mass

Mass flow rate of the motor fuel

Temperature of motor fuel

Exponent in burning rate versus pressure formula
Air pressure

Reference air pressure for standard thrust

kg m?

none

none

kg
kg
kg

kg

kg
kg
kg/s
°C
none
Pa

Pa

Distance from the body center-of-mass to the motor nozzle m

exit
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It

-t

Sc

t*

ts
L=

toi
toigr
Tr
Tst
T*
Ve
Ve

Xce

Xce,

Xceg

CGy,

Radius of gyration of the motor fuel mass

m

Distance from the body center-of-mass to the motor nozzle m

throat
Distance of the motor nozzle exit from the motor nozzle m
throat
Area of combustion at time t m?
Computed time of flight S
Pseudo-computed time for mapping of thrust S
at nonstandard conditions
Time of rocket motor burnout S
Standard time of rocket motor burnout S
Time of rocket motor ignition delay S
Standard time of rocket motor ignition delay S
Thrust produced by rocket motor at time t N
Standard thrust as function of burning time N
Effective thrust N
Combustion rate of base-burn fuel m/s
Combustion rate of base-burn fuel on strand burner m/s
Distance of center of mass from nose at time t m
Initial distance of center of mass from nose m
Distance of center of mass from nose at burnout m
Distance of center-of-mass of the rocket motor fuel from m
nose, initially
Base-burn motor temperature fuel burning coefficient none
Density of base-burn motor fuel kg/m?®
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9. Additional Data Requirements for Rocket-Assisted and Base-Burn Projectiles

(1) Physical Data Symbol
Exit area of jet Ae
Reference diameter of projectile d
Axial moment of inertia of the projectile Ix
Initial axial moment of inertia of the projectile Ixg
Axial moment of inertia of the projectile at motor burnout Ixg
Transverse moment of inertia of the rocket, initially v,
Distance of the motor nozzle exit from nose !
Fuzed projectile mass at burnout Mg
Initial mass of fuzed projectile Mo
Radius of gyration of motor fuel mass It
Distance of the motor nozzle exit from the motor nozzle "
throat t
Initial distance of center of mass from nose XeGqy
Distance of center of mass from nose at burnout Xceg
(2) Aerodynamic Data Symbol
Zero Yaw drag coefficient (thrust on) CDoT
Overturning moment coefficient for initial fuzed projectile C,fﬂa
Drag reduction coefficient during base-burn motor burning Cxgp
64 Edition A Version 1

NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand



NATO UNCLASSIFIED

Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand
AOP-4355 ANNEX C

(3) Motor Data — Rocket-Assisted Symbol
Specific impulse Isp
Ignition delay element mass Mpi
Delay obturator mass Mdob
Mass of rocket motor fuel Mt
Reference air pressure for standard thrust Pr
Time of rocket motor burnout ts
Standard time of motor burnout tBgr
Time of rocket motor ignition delay tol
Standard time of rocket motor ignition delay toigr
Standard thrust as function of pseudo-time Tst

(4) Motor Data — Base-Burn Symbol
Ba_sg-burn motor fuel injection parameter for optimum lo
efficiency
Mass of fuel burnt in the barrel McB,
Mass of motor fuel ms

Area of combustion expression in the form of a function
of the mass of fuel burnt

Sc = aj + bi mcg; for Mce; < Mce < Mcs;,; Sc
aiand b; are defined over regions of mcg, from
Mce,_, Up to and including mcs,_,

Combustion rate of base-burn fuel on strand burner Ve,
Base-burn motor temperature fuel burning coefficient Yij
Exponent in burning rate versus pressure formula n
Density of base-burn motor fuel Op
Constant in burning rate versus pressure formula k
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10.Fire Control Data for Rocket-Assisted and Base-Burn Motors
a. Rocket-Assisted Motor

Time of rocket ignition delay (toi), time of rocket motor burn (ts — to)) and
thrust factor (fr) are given as a function of rocket motor temperature for each
charge as follows:

f =a, +a,(MT —21)+ a,(MT - 21)° + a5 (MT —21)* (C.33)

where:
MT is rocket motor temperature

Standard Thrust is given as a function of pseudo-computed time (t*) as follows:

T =8, +at*+a,t* +a,t*° (C.35)

b. Base-Burn Motor

The axial spin influence on burning rate factor K(p), is given as a linear
function of spin for each charge.

lp is a linear function of Mach number.

The factor, f(isg,m1), for a base-burn projectile is given as a function of
guadrant elevation, QE, and motor temperature, MT, for each charge as
follows:

igg,,,,, =8 + & QE+a, QE® +a,QE’ (C.36)
and
f (g ir) =gy, + b, (MT —21)+ b,(MT —21) + b,(MT —21) + b,(MT —21)* (C.37)
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Time of base-burn ignition delay (toi) is given as a function of motor
temperature for each charge.

to, =8, +a,(MT —21)+ a,(MT =21 + a,(MT —21)° (C.38)

MT is rocket motor temperature.
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ANNEX D ADDITIONAL TERMS FOR SPIN-STABILIZED ROCKET-ASSISTED
PROJECTILES, SPIN-STABILIZED BASE-BURN PROJECTILES, AND FIN-STABILIZED
ROCKETS - METHOD 2

1. Introduction

This annex provides the equations required to simulate the flight of spin-stabilized
rocket-assisted projectiles, spin-stabilized base-burn projectiles, and fin-stabilized
rockets

2. Equations for spin-stabilized rocket-assisted projectiles, spin-stabilized base-burn
projectiles, and fin-stabilized rockets

a. For rocket-assisted projectiles:

R —

. TF . .
The acceleration due to thrust force of the rocket motor, —, during burning
m

(tor <t <tg) is added to the equation of motion of the center of mass of the
unassisted projectile:

(D.1)
m m Y

TF {mef I + (P, —P)AEM\? coser, j

— = +a,

During rocket motor burning the aerodynamic zero-yaw coefficient is Cpo; and if
mf < mp then (Pr - P) Ae = 0

b. For base-burn projectiles:

The base drag reduction due to a base-burn motor during burning (tor <t <tg) is

added to the drag term (EJ of the projectile.
m

DF d?i '(&) }
T p . ol 2 4l =
— = Cpoo — fliggur)) —— < |+Cp, (Qpe,) +Cy  (Qpex,)” (VV
m 8m { ( s ) (Z)MZ (dj 2 2 ( ) gl (DZ)
2 dy
where: Art
= (D-3)
7z pvd,
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is used to represent the drag reduction due to the mass flow (M) of the base-burn
motor. The factor f(igs,mT) IS included for matching observed range firing data.

c. For fin-stabilized rockets:
See EQ. (16) and (25) in main document.

3. Common Equations for base-burn and rocket-assisted, spin-stabilized projectiles,
and fin-stabilized rockets.

a. The mass flow for spin-stabilized projectiles and fin-stabilized rockets is given

by:

att=0

for 0 <t<tp

fortpi<t<ts
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t —t, .
My =| = | (D.10)
b =1 (D.11)
Bty
: - P
tB(t) :(th _t>|:fBTp (%J"‘ fBTp (E}} (D.12)
where:
p=t0 =0, (D.13)
At AE,
and at tp
tztol) = t:;' (D14)

Pto) o Pio) fore
tB(tm) =1p + (ts —1p )(p—ilj (TTJ (D.15)

(Time-of-motor burnout as a function of tp))

pr = Reference axial spin rate for motor mass flow
Pip) = Actual spin rate for motor mass flow at tpy
Pr = Standard atmospheric air pressure
P = Actual atmospheric air pressure at tp)
fort>tg
Mz = Mo — Mpj — M¢ (D.16)
m=0 (D.17)
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b. The location of the center of mass of the munition is given by:

(xcef0 - XCGB )( m-— mB)
m (D.18)

Xeo = XCGB +

where:

(Xce0 - XCGB)mO
(mo - mB)

(D.19)

CGyy XCGB

c. The location of the motor nozzle exit from the center of the mass is given by:

ro=0—Xcg (D.20)

e

d. The location of the motor nozzle throat from the center of mass is given by:

rn=r,—r., (D.21)

e

e. The overturning moment coefficient of the munition is given by:

(Xes = Xce, )(Co, +CL, )}
d

Cm, =Cw_ +[ (D.22)
where: C’,{,la is determined for the initial munition configuration and, when tor <
t <ts, then Cp, equals CDOT for rocket-assisted projectiles and fin-stabilized

rockets. The aerodynamic coefficients are considered to be dimensionless,
with unit = 1, in this formulation.

f. The cubic overturning moment coefficient of the munition is given by:

) (Xes — Xcg, )(cLag +Cp, ~1/2C,,
C,\,,a3 :C""a3 + g
(D.23)

where: C,, , Is determined for the initial munition configuration. The

aerodynamic coefficients are considered to be dimensionless, with unit =1, in this
formulation.
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g. The axial moment of inertia of the munition is given by:

=1y, J{('Xo - 'XB)(m—mO)}

4. The transverse moment of inertia of a fin-stabilized rocket is given by:
Iy =1y, = (my=m)r2+mg (Xeg, —Xeg, f-m(Xog —Xco (D.25)

Figure D-1 illustrates the distances used for the determination of the transverse
moment of inertia of the rocket during motor burning.

CGy, X CG, X CGg

/
N | S

° +

Figure D-1. Distances Used for the Determination of the Transverse
Moment of Inertia
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5. List of Additional Symbols

Symbol Definition Units
Ap Area of projectile base m?
Ac Exit area of the motor jet m?
CD0 Zero yaw drag coefficient none
CDOT Zero yaw drag coefficient during rocket motor burning none
CK/I Overturning moment coefficient for initial fuzed munition none
C; 3 Cubic overturning moment coefficient for initial fuzed 1/rad?
munition
db Diameter of projectile base m
fr Thrust factor none
f(isB, MT) Base-burn factor none
fBTp Base-burn motor spin rate burning-time factor none
ferp Base-burn motor atmospheric air pressure burning-time none
factor
I Base-burn motor fuel injection parameter none
iBB Fitting factor to adjust the drag reduction as a function of none
guadrant elevation
I Axial moment of inertia of the munition at time t kg m?
Ix, Axial moment of inertia of the munition, initially kg m?
lxg Axial moment of inertia of the munition at motor burnout kg m?
I, Transverse moment of inertia of the rocket at time t kg m?
Iy, Transverse moment of inertia of the rocket, initially kg m?
1 Distance of the motor nozzle exit from nose m
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Fuzed munition mass, initially kg
Fuzed munition mass at burnout kg
Mass of ignition delay element kg
Mass of motor fuel kg
Reference mass flow rate of the motor fuel as a function kg/s
of t* pseudo-time-of-motor burning
Minimum mass flow rate of the motor fuel for air kg/s
pressure term
Temperature of motor fuel °C
Axial spin rate of projectile rad/s
Reference axial spin rate for motor mass flow rad/s
Distance from the body center-of-mass to the motor m
nozzle exit
Radius of gyration of the motor fuel mass m
Distance from the body center-of-mass to the motor m
nozzle throat
Distance of the motor nozzle exit from the motor nozzle m
throat
Pseudo-time-of-motor burning S
Time-of-motor burnout S
Reference time-of-motor burnout S
Time-of-motor ignition delay S
Reference time-of-motor ignition delay S
Distance of center of mass of the munition from nose m
attime t
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(el Distance of center of mass of the munition from nose m
at time tO
Xcog Distance of center of mass of the munition from nose m
at time tB
Xce,, Distance of center-of-mass of the rocket motor fuel from m
nose at time t0
oBP Change in non-dimensional base pressure for a change none
S in the base-burn motor injection parameter
AP Rate of change of atmospheric air pressure as seen by Pa/s
At the munition

6. Additional Data Requirements

Physical data Symbol
Area of projectile base Ap
Exit area of motor jet Ae
Diameter of projectile base db
Axial moment of inertia of the munition, initially I
Axial moment of inertia of the munition at motor burnout Ixg
Transverse moment of inertia of the rocket, initially Iy,
Distance of the motor nozzle exit from nose l
Fuzed munition mass, initially Mo
Fuzed munition mass at burnout mg
Mass of ignition delay element Mo
Mass of motor fuel M
Minimum mass flow rate of the fuel for air pressure term my
Radius of gyration of motor fuel mass Iy
Distance of the motor nozzle exit from the motor nozzle throat It
Distance of center of mass of the munition from nose, initially XCGO
Distance of center of mass of the munition from nose at motor burnout Xceg
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Aerodynamic data Symbol
Zero yaw drag coefficient during rocket motor burning CDoT
Overturning moment coefficient for initial fuzed munition CMa
Nonlinear overturning moment coefficient for initial fuzed munition Cwm .,
Motor data Symbol

Reference mass flow rate of the motor fuel as a function of
pseudo-time-of motor burning, t*

m; =a, +a,t" +a,t?;fort, <t <t , m’

ao and a; are defined over regions of t’, from ti-o
up to and including ti-n

Reference axial spin rate for motor mass flow Pr
Standard atmospheric air pressure at sea level Pr
Time-of-motor burnout te
Reference time-of-motor burnout tg
Time-of-motor ignition delay toi
Reference time-of-motor ignition delay to,
Specific impulse of motor fuel Isp
Change in non-dimensional base pressure for a change in the base- o BP
burn motor injection parameter as a function of Mach number and W

injection parameter

o BP s given, for up to five values of I, as a function of Mach number in the

ol
form of polynomials of fourth degree or less. They are defined over regions of Mach

number, from MMAXi = 1 up to and including MMAX.

(%} —a, +ayM +a,M? +a;M°> +a,M* (D.26)
!

7. Fire Control Data for Projectile Motor
(for a complete fitting factor table, see Annex A)
a. The time-of-motor ignition delay, toi, and time-of-motor burn, (ts - toi), for

rocket-assisted and base-burn projectiles are given as a function of motor
temperature, MT, for each charge as follows:
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t, =ag +a, (MT —21)+ a, (MT —21)? + a, (MT —21)° (D.27)

(tg —tp, ) =2y +a,(MT —21)+ a, (MT —21)° + a5 (MT —21)° (D.28)

b. The thrust factor, fr, for a rocket-assisted projectile is given as a function of
motor temperature, MT, for each charge as follows:

f, =ay +a, (MT —21)+a, (MT —21)° + a, (MT —21)* (D.29)

c. The spin rate burning-time factor, fBTp, for a base-burn projectile is given as a
constant for each charge.

d. The atmospheric air pressure burning-time factor, fgr,, for a base-burn
projectile is given as a constant for each charge.

e. The factor, f(igg 1), for a base-burn projectile is given as a function of quadrant
elevation, QE, and motor temperature, MT, for each charge as follows:
B8,y = 0+ QE +a, QE® +a, QE® (D.30)
and
Fiss wr )= Ty, + 0(MT —21)+ b, (MT = 21 +by(MT - 21 +b,(MT -21)*  (D.31)

BB(wmr =21

8. Fire Control Data for Fin Stabilized Rockets
(for a complete fitting factor table, see Annex A)

a. The mass of ignition delay element, mpj, time of motor ignition delay, toi, spin
rate burning-time factor, fBTp, and the atmospheric air pressure burning-time

factor, fsr,,, are zero.

b. The time of first motion, trm, time of launch, t, time of rocket fin opening, tro,
time of motor burn, (ts - toi), is given by, tg, time of end of five degrees of
freedom, tesp, and thrust factor, fr, are given as a function of motor
temperature, MT, as follows:

tey =a, + 8, (MT —21)+ a, (MT - 21)° + a, (MT - 21)° (D.32)
t, =a, +a (MT —21)+a, (MT —21)° +a, (MT —21)° (D.33)
t.o =a, +a, (MT —21)+ a, (MT —21)° + a, (MT - 21)° (D.34)

(D.35)

ty =a, +a, (MT —21)+ a, (MT —21)* + a, (MT —21)°
78 Edition A Version 1

NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand



NATO UNCLASSIFIED

Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand
AOP-4355 ANNEX D

teep =, +a, (MT —21)+ a, (MT —21)* + a, (MT —21)°
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(D.36)

f, =a, +a,(MT —21)+ a, (MT —21)* + a, (MT —21)° (D.37)

c. Attime, ti, the initial angular velocity (spin) of the fin stabilized rocket is, p,, ,, a
constant and the initial transverse angular velocities of the fin stabilized rocket,

Dy and Dz, are given as a function of quadrant elevation, QE, as follows:
Pe) =2, (D.38)
Yt (MT=21)) = a'O + ai QE + a2 QE2 + a'3 QE3 (D39)
and @, = o, - +b(MT—21)+b,(MT —21)* +b,(MT - 21)°
2o (w=2) aQ + QE +a, QE2 +a, QES (D40)
and W, T O b, (MT —21) + b, (MT — 217 + b, (MT — 21)°

d. The form factor, i, and adjustment to azimuth, A(A AZ), are given as a function
of quadrant elevation, QE, as follows:

i =a, +a, QE + a, QE* + a, QE® (D.41)
A(AAZ) =3, +a, QE +a,QE? + a,QE® (D.42)

e. The modeling of time used for fin stabilized rockets may require a correction to
time of flight as follows:

T =t+AToF (D.43)
ATOF =a, +at + a,t* + a,t° (D.44)
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ANNEX E CALCULATION OF SUBMUNITION TRAJECTORIES

1. Introduction

This annex provides the methods for calculating submunition trajectories.

Submunition trajectories are the trajectories for submunitions ejected from the carrier
shell in flight.

a. Submunition trajectories may represent trajectories for:

(1) Cargo bomblets

(2) Mines

(3) Smoke canisters

(4) HNluminating canisters

(5) Canister for sensor-fuzed submunition

b. This Annex describes methods for the calculation of:

(1) the base separation point

(2) the submunition trajectories with a point mass trajectory model
(3) simple trajectory calculation using a closed form solution

(4) submunition dispersion

(5) empty carrier trajectory

Figure E-1 defines the nomenclature for the different phases. A collective name for
the different phases is submunition trajectory. Note that terminal phase should
always be used for the phase in which the submunition hits the ground or functions.
2. Rules for the Calculation of the Base Separation Point

The base separation point is the point where the fuze of the carrier shell activates the
first phase of the submunition trajectories. Calculation of the position of the base
separation point can be done using either of the following rules:

a. a predefined height of burst (HOB) above the target, or by
b. requiring a certain time of fall (Tts) for the center submunition.

Both can be given either as a constant or as a polynomial function of the
superelevation. Thus for rule (a.) and rule (b.) we respectively get

HOB=a, +a, (QE — A )+a, (QE — A, * +a, (QE — A )’ +

2 3 (E.1)
(a4 +as (QE— As)"‘as (QE— As) +ay (QE_AS) )Altw
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and

T =by + b (QE— A )+ b,(QE- A +b(QE- A’ (E.2)

Rule (a.) is designed to ensure that a specified fraction of all base separation points
occur at a certain height. Rule (b.) is designed to ensure that a specified fraction of
submunitions hits the ground before the self-destruct time.

The starting velocity of any phase, which includes point-mass and closed-form-
biases:

g, = Uguyriey + AUC (E.3)

st = Ucarrier

.V - . .
where: C= —cosa, + ¢, is the axis of the carrier shell at the end of the
v

previous phase, and the vector a, is the yaw of repose.
Aug, =a,, +a,,P,_; IS the ejection speed of the submunition,
and p,, isthe magnitude of the spin at the end of the previous phase

For a more detailed description of ejection velocity from a spin-stabilized projectile
used to estimate the maximum dimension of submunition pattern on the ground, see
equation E.34.

NOTE: See Figure E-2 for explanation of additional terms

3. Calculation of Submunition Trajectories with a Point Mass Model

NOTE: See Annex F for Point Mass Model implementation.

The acceleration due to aerodynamic drag, D, is computed as

PSsn
2mg,

D Ven Vg (E.4)

sn = " lsnLpy, sn

where: the subscripts s and n represent submunition and the phase number
respectively. Ssn is the effective presented cross sectional area of the submunition
unit and msy is its mass. They can both be given as linear functions of time.

The wind velocity, w, is accounted for through

vsn = ljsn - W (E-5)
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If necessary the spin damping can be calculated according to the expression

. 2
Pen = = I,O Sézn Psn Cspinsn Ven (E.6)

XSH

Drag coefficient can be formatted in two ways, one of which is dependent on Mach
number only and one of which is dependent on Mach number, velocity, and spin.

Drag coefficient is given as a function of the Mach number (Msn) of the submunition.
The function is in the form of a linear function. It is defined over regions of Mach
number similar to that of Annex A, paragraph 1. Thus in each interval

CDSn =8gn a4 Mg, (E.7)

Cp,, value depends on the Mach number and the quotient of velocity and spin as

follows.
S -S
Co. =24 [y, +2,, M, (—ba“—;" ] (E.8)
- Isn ' ' sn
T
where: Sbal_sn =7 dZ, (E.9)
_ a1,sn
and dgy =8p ¢, + (E.10)

a3 sn
1+a,,, (|Esn|j
sn

where: the coefficients axsn (k=0,1,2,3) are constant fitting factors for the submunition
s in the phase n.

psn  The spin of the submunition s in the phase n ( rad/s )

usn  The velocity of the submunition s in the phase n (m/s)
The form factor, isn, is given as a polynomial function of HOB

i, =b, +b, (HOB,, )+b, (HOB,, )’ +b, (HOB,, )’ (E.11)

Mass of submunition unit, msn, IS given as a quadratic polynomial of t

_ 2
my, =a, +a,t +a,t (E.12)
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Reference cross sectional area, Sy, is given as a quadratic polynomial function of t

S. =a, +a,t+a,t?
noTe T (E.13)

and the corrected time is given by

T

S|

, =t +atg, (E.14)
for each phase.

The end of the phase is determined either by height above the ground and/or the
duration of the phase and is calculated by one of the following equations:

H phase = @ (E.15)
or
T =80 + 3 (QE—Ag )+ 8,(QE— A f +a,(QE— A )’ +ui (E.16)
sn
usn Is the velocity of the submunition at the beginning of the phase.
4, Calculation Using Simplified Formulas

The ballistic trajectory of a phase can be calculated in closed form either by

a. Closed Form A
assuming a drag proportional to a velocity reference and constant
meteorological parameters throughout the phase using the vector equation

v d g E.17
Xog =X + Vﬂ_% [1 _eXp(_Tsnks)]'i'Tsn w+g ( )
ks kS kS
where:
ky=Co, PV (E.18)
S sn sn .
stn
0
g=|-9o
0 (E.19)
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and
W,
W=| W, (E.20)
W3
or

b. Closed Form B
assuming a constant velocity of fall and constant wind throughout the
phase where the heights of burst and time of fall are related by

HOB, — HOB, (E.21)

‘Vsn,z‘

fsn

where Vg, , is the vertical component of vV, . HOBnis the height of burst at

the start of phase n. If n is the last phase then HOBn+1 = 0 meaning that
the submunition terminates at ground level.

The displacement due to wind is T W, where W, is the horizontal wind
vector.

If HOB, and HOB+1 are in different met zones, a fall time is calculated for

each zone
HOB, — H,,_
T, (2)=—7FT—%+ (E.22)
‘Vsn,z‘
H,-H,_
T () =—"4—T (E.23)
‘Vsn,z‘
H, —HOB
T, (Zo) = Z°‘V ‘ e (E.24)
sn,2

where Z is the met zone of HOB;, Z; is the met zone of HOBn+1 and z is any

met zone Z<z < Z, . Hz is the upper height of met zone z. When n is the last

submunition phase, equation (E.21) becomes zero.
The displacement due to horizontal wind is the sum of contributions from
applicable met zones.
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.z
d=>T (2)w,(z) (E.25)

where d is the displacement vector and W, (z) the horizontal wind vector of
met zone z (assumed constant throughout the zone).

The displacement due to wind may for certain types of submunition, e.g.
illumination canisters, be used to make an offset to the aim point. The offset is

(E.26)

= 0
0=—d min| a, ‘“lax
d

where: ¢ is the offset vector, a <0.5 is a factor indicating the relation between
the displacement and the offset. The offset should not exceed a certain
horizontal distance omax. The minus sign indicates that the offset vector is in the
opposite direction as the horizontal wind vector.

For illumination canisters the maximum offset is

0, =+ Riy > — HOB? (E.27)

where: Rj is the illumination radius (maximum absolute distance between
illumination canister and target). HOB is the height at which the illumination
canister ignites.

or

c. Displacement

by fitting observed data (for phase 1) to the form

. (E.28)
AXl,l = szem 2 (ao + a'l \/Vcarrier,l2 +Vcarrier,32j
\/Vcarrier,l +Vcarrier,3
AXLZ = bO + bl Vcarrier,Z (E29)
Vearrier, 2 2
AX1’3 = czrrer3 2 (ao + a1 \/Vcarrier,l +Vcarrier,3 j (E30)
\/Vcarrier,l +Vcarrier,3
At =c, =time displacement (E.31)
or
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d. Closed Form Biases

The offset is calculated using closed form rule for certain types of sensor-fuzed
munitions.

This describes the change of the submunition data from the ejection of the
carrier shell to the time where a deceleration device is fully deployed.

The change of the flight conditions from the base separation point after ejection
to the point where the deceleration devices (eg. ballutes, parachutes) are fully
deployed, are calculated by polynomial functions.

The separation phase is described by the following equations, where the index
s represents the submunition.

For a detailed description of the coefficients used, see chapter List of Symbols.

The change in position A)ZS is given as

cos I" Cosy,
AX =ay | sinl, (E.32)
cos /7, siny,

where 7 is the vertical angle of fall and wo is the horizontal angle of fall at the
start of the phase.
The change in velocity is given as

where uop is the velocity and 7o is the vertical angle of fall at the start of the phase.

The change in the vertical angle of fall is given as

Al =ay+a, Uy +a, U3 + (bo +b, Uy +b, ug)FO +(c0 +Cy Uy +Cy ué)Fg (E.34)
where up is the velocity and 7o is the vertical angle of fall at the start of the phase.
The change in spin is given by

Aps =ag+a; Py +a, Uy +as Py Ug (E.35)

where po is the spin and uo is the velocity at the start of the phase.

The duration of the phase is given by
At =ay+a, Uy +a, UG (E.36)

where up is the velocity at the start of the phase.

87 Edition A Version 1

NATO UNCLASSIFIED
Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand



NATO UNCLASSIFIED

Releasable to PFP, Australia, Japan, Republic of Korea, New Zealand
AOP-4355 ANNEX E

Calculation of Submunition Dispersion
a. Concentric submunitions
The axis of the shell will not in general be parallel to the shell velocity vector

due to a non-zero yaw of repose. This effect may be accounted for as shown
in the following dispersion calculation.

The axis of the carrier shell is the vector ¢ and the yaw of repose is defined by
the vectora,. Thus we have

v - (E.37)
C=_cosa, +d,

The ejection velocity of any central bomblet (a bomblet lying concentric with
the axis of the shell), we get

l_jsl = l_jcarrier +Aug c (E.38)
where: Aug =a,+a,p (E.39)

is the ejection speed of the submunition, and p is the magnitude of
projectile’s spin at time of fuze function.

b. Eccentric submunitions

For a cross-sectional layer of submunitions, the ejection velocity of eccentric
submunitions in the plane normal to the shell axis may be calculated by

ljs, normal — iD (p X _;) (E.40)

where: p is the spin vector at base separation and T is the vector from the

axis of the carrier shell to the center of gravity of the individual submunition. ip
is a fitting factor. The configuration is shown in Figure E-2.
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In order to find the ejection velocity we first have to find the horizontal vector €
that is normal to ¢ and the vector d =& x¢. These are also shown in
Figure E-2. The vector € can be written as

Ol
X
<

(E.41)

!
I

(]!
X
<l

where Y is defined as a unit vector in the positive 2-direction.

If we now define ¢ as the angle between the vector d and the position of the
submunition as shown in Figure E-2, the position vector of the submunition
from the axis is

L=r (é sing + Jcos¢) (E.42)

In the modified point mass model, we always have p= pC and when inserted
into (E.40)

ljs,normal = iD (pEsz) (E-43)

After combining (E.38-39) and adding the velocity for the central bomblets we
get

Uy = Ugrier + AUC + i pr, (- dsing + cosg)  (E.44)

where: Augy =a,+a,p (E.45)
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is the ejection speed of the submunition, and p is the magnitude of the
projectile’s spin at the time of fuze function.

In the case when [cx§| =0, both d and & are in the horizontal plane.

In this case, choose d to be the unit vector in the direction of the
projection of the initial projectile velocity onto the horizontal plane.

c. Submunition trajectories

The ballistic trajectory of the submunitions can be determined by the same
methods as described in sections 3 and 4.

This pattern is defined by the impact point of four virtual submunitions defined
relative to the vertical plane of the trajectory of the carrier:

(1) the submunition ejected in the vertical plane above the shell trajectory,

(2) the submunition ejected in the vertical plane below the shell trajectory,

(3) the submunition whose tangential ejection velocity component is normal to
the vertical plane in the negative 3-direction,

(4) the submunition whose tangential ejection velocity component is normal to
the vertical plane in the positive 3-direction.

The initial velocities for these submunitions at the base separation point are
respectively

Ulower = Ucarrier + Au516 N iD pl’sé (6 = 180°) (E.46)

—

u =u + AuyC +ip pr,€

upper carrier (¢ =0°) (E.47)

Uright = Ucarrier + Ausl(_.‘: - iD prsa (d) - 900) (E48)

Urett = Ucarrier + AUgC +ip prd (6 =270° (E.49)
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In cases (3) and (4) it is anticipated that the ejection takes place at such a
height that the descent is close to vertical at the end of the terminal phase.

. Empty Carrier Trajectory

The trajectory of the empty carrier left after the base separation point can be
calculated assuming that the carrier has the same aerodynamic properties as the
original shell. The empty carrier will at base separation get a velocity, a mass and
a moment of inertia, which are different to the original shell. The calculation of the
trajectory could be done according to the Modified Point Mass Model in the main
text or the Point Mass Model in Annex F.

The velocity of the empty carrier is found by
l_jec = ljcarrier + Auecé (E.50)

The sign of Auec is opposite to dusi. The mass of the empty carrier mec, its
moment of inertia Ix__, and Auec must be entered separately.

ec’
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Initial trajectory

Base separation point
1st phase

Z2nd separation point
Znd phase

3rd separation point ,
Mo Fuze Function
S trajectory
3rd phase -

4th separation point

terminal phase
[always present] Empty carrie

trajectory

Figure E-1. Definition of concepts for submunition trajectories

A

N

1o

il

67 i

Figure E-2. Geometry of tangential ejection velocity
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List of Additional Symbols

Symbol Definition Units
Alt,, Altitude of weapon above sea level m

As Angle of site mil
ao, ai...bo, b1... Auxiliary coefficients none
c Axis of carrier shell none
Co Drag coefficient none
Cspin Spin damping coefficient none
d Displacement vector due to wind m
HOB Height of burst m

H; Upper height of met zone z m

ip Fitting factor for dispersion of submunition none

M Mass of submunition unit kg

0 Offset vector m
QE Quadrant elevation mil
rs Distance from carrier axis to center of gravity of m

submunition

S Reference cross sectional area m?
t Simulation time since start of phase S
Tt Fall time of submunition (duration of phase) S
Ts Time since start of phase S
Wi Horizontal wind velocity m/s

X, Position at nth separation point m
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1o

Wo

P

Subscripts
carrier

ec

n (or a digit)
S

1,23

AOP-4355 ANNEX E

Met zone index none

Axial ejection velocity of submunition or velocity m/s
change of empty carrier due to ejection

Vertical angle of fall at the start of the phase rad

Positional angle of submunition at ejection (clockwise rad
from positive vertical, see Figure E-2)

Horizontal angle of fall at the start of the phase rad

Density of air kg/m?

(multiple subscripts occur)

property of carrier shell at base separation

property of empty carrier shell

property in terminal phase n (or phase number as given by digit)
property of submunition

(when following a comma) component in the 1-2-3 system

Symbols without vector indicator symbolize the scalar value of the vector
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ANNEX F POINT MASS TRAJECTORY MODEL ‘

1. The following equations constitute a mathematical model representing the flight of
a projectile. The modeling is accomplished by simplifying the modified point mass
equations given in Chapter 4 of this document to those representing a point having
mass and spin only.

2. Newton’s law of motion for a point mass is:

F =md = DF +mg + mA (F.1)
where:
acceleration due to drag force is:

when i is used as a fitting factor,

Y= P42
DF :_(ﬂp id JCD - (F.2)

m 8m

or when C is used as a fitting factor,

DF :_(ﬂpmrJCD .

m 8Cm (F.3)
or when fp is used as a fitting factor,
DF zpd? _
— == fyCp vV
m ( 8m j( D D) (F.4)
acceleration due to gravity is:
_ X, -
R? Rz X
§=—0,| — [F=—0,|1-—=2
g gO[ r3 ] gO R
X3 (F.5)
L R
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where: go = 9.80665 [ 1 - .0026 cos (2 lat) ] (F.6)
0
R=|-R

0 (F.8)

and R =6.356766 x 10° meters

acceleration due to the effect of the Coriolis force is:

A=-2(@x0) (F.9)
where:
Q cos(lat) cos(AZ)
&=| Qsin(lat)
—Q cos(lat) sin(AZ ) (F.10)
and 2=7.292115 x 10° rad/s
NOTE: For southern hemisphere, lat is negative.
3. The magnitude of spin acceleration is given by:
A TP d4 pVCspin
81, (F.11)
where:
t
p= po+J-pdt (F.12)
0
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is the magnitude of spin at time =t and

27T Uy
Po = t d (F.13)

c

is the magnitude of the initial spin of the projectile at the muzzle.

4. The velocity of the projectile with-respect-to the ground fixed axes at time =t is:

t.
U=1Uy+ /U dt (F.14)
0
where: U, Cos (QE) cos (A AZ)

Ug cos (QE)sin(A AZ)

5. The velocity of the projectile with-respect-to the air is given by:
v=u-w (F.16)
and Mach number by:

M=v/a
(F.17)

where a is the speed of sound as defined at paragraph 21 on Page 14.

6. The position of the projectile with-respect-to the ground axes is given by:

- - t.
X =XO+IO u dt (F.18)

where:
l, cos(QE) cos(AAZ) (F.19)
X, = X, +ly, sin(QE)
IW cos(QE) sin(AAZ)

is the location of the muzzle, i.e., initial position of the center of mass of the
projectile.
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7. The position of the projectile with-respect-to the spherical earth’s surface is given
by the approximation:

Xl
2 2
e |y, o IxiPexs)
2R (F.20)
X3

8. For some applications, especially where the flight path of the projectile is short, the
model described above may be simplified further:

the effects of height above the earth’s surface on gravity may be ignored, in which
case

0
g=-0o1
° 0 (F.21)
the effects of spin of the earth may be ignored, in which case
Q=0 (F.22)
the effects of projectile spin may be ignored, in which case
Po=p=0 (F.23)
the earth’s surface may be considered a flat plane, in which case
Xl
X, (F.24)
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9. The List of Symbols found at Sections 4.3 and 4.4 of the main document contain all
the symbols required for this annex with one exception, namely, Cp is defined as
the total drag force coefficient (dimensionless).

10.The List of Data Requirements related to this annex are as follows:

Physical Data Symbol
Initial speed of projectile with-respect-to ground (muzzle velocity) Uo
Rifling twist at muzzle tc
Mass of fuzed projectile m
Mass of fuzed reference projectile my
Reference diameter d
Initial axial moment of inertia (optional) Ixq
Aerodynamic Data Symbol
Total drag force coefficient Cb
Spin damping moment coefficient (optional) Cspin

a. Fitting Factors for Range Estimation

Since the point mass equations do not explicitly model the effects of yaw of repose,
the fitting factors for the range estimation must be used to account for this fact. As
a result, the forms will vary from those forms used with the MPM equations.
Following are some typical forms used in fire control systems.

Quadrant Elevation Fitting
Ballistic coefficient (C):
C = ao+ a1(QE) + a2(QE)? + a3(QE)? (F.25)
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Form factor (i):

i = bo + b1(QE) + b2(QE)? + b3(QE)3 (F.26a)
or
i = bo + b1(QE - Ay) + b2(QE - Ay)? + b3(QE - A)3 (F.26b)

The equations are applicable over the QE intervals bounded by QE;.1 to and
including QE;. The functions must be continuous and smooth at each breakpoint.
The minimum and maximum values of QE are determined by the weapon and
ammunition characteristics but, typically, range from zero mils to the maximum trail
angle. The degree of the polynomial is dependent upon the desired quality of the
range estimation.

Mach Number Fitting
Drag factor (fp) can be fitted as a function of Mach number.

b. Drift Correction

Since the point mass equations do not include the drift effects associated with
spinning projectiles, the drift (which is perpendicular to the vertical plane containing
the line of fire) is generally represented by a function based on the observed fall of
shot results. The following are typical expressions for drift expressed in mil:

Drift = tan (QE) f (QE) (F.27)
where:

f(QE) = a0 + a1 (QE) + a2(QE)* + a3 (QE)*  (F.28)
or

Drift = bg tan (QE) + b1 tan? (QE) (F.29)
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or
Drift = co QE / (QE + c1) (F.30)
or

Drift = arctan ((do + d1 T + d2 T? + d3 T3)/x1) (F.31)
where: X1 is the range (m) to impact along 1he axis.
or

Drift = do + d1 (SE) + d2 (SE)? + d3 (SE)3 (F.32)
where: the superelevation (mils), SE = QE — Angle of Site.

c. Time of Flight Correction

In order to account for the difference between the actual time of flight (T) and the
time of flight predicted by the point mass model the following forms can be used:

T=zag+ait+axt?+astd (F.33)

Or, if approximating A4t as a function of t,
T=t+At (F.34)

and At=bo+bit+bat?2+ bstd (F.35)

Where the equation is applicable over the time (t) intervals bounded by t.1 to and
including t. The functions must be continuous and smooth at each breakpoint. The
minimum and maximum values of T are determined by the weapon and ammunition
characteristics but, typically, range from zero seconds to the maximum time of flight.
The degree of the polynomial is dependent upon the desired quality of the time
estimation.
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ANNEX G COORDINATE CONVERSION REQUIRED BY COURSE CORRECTING
FUZES

1. Introduction

This section describes the equations for the coordinate conversions required by course
correcting fuzes. There are two coordinate conversions that are required to support
course correcting fuzes: gun frame to North, East, Down (NED) and Lat/Long to Earth-
Center, Earth-Fixed (ECEF).

The gun frame to NED conversion starts with vectors oriented in a coordinate frame with
an origin at mean sea level directly below the trunnion the weapon being fired, where the
X1 axis is tangent to the earth’s surface at the origin and points along the gun-target line,
the x2 axis is in the vertical plane perpendicular to the surface of the earth (or ellipsoidal
representation of the surface), and the xs axis is perpendicular to the plane formed by the
other two axes so as to define a right hand Cartesian coordinate system. The xi axis is
positive in the direction of target, the x2 axis is positive above the surface of the earth,
and the xs axis is positive to the right of the gun location when facing the target. The gun-
target azimuth is the clockwise angular measure between true north and the gun-target
line taken at the gun. The transformation converts to a reference frame where the vectors
are represented with the origin of the coordinate frame located at the target, and the axes
of the system pointing northward, eastward, and downward. The North-East plane is
tangent to the WGS84 ellipsoid at the target. Thus the downward axis is perpendicular
to the WGS84 ellipsoid at the target. The North axis is positive north of the target, the
East axis is positive east of the target, and the Down axis is positive for points below the
target.

The Lat/Long to ECEF conversion, used in the gun frame to NED transformation, converts
coordinates given in terms of latitude, longitude, and altitude with respect to the WGS84
ellipsoid to a coordinate system where the origin is the mass center of the earth and the
axes are: out through the intersection of the equator and the prime meridian, the rotational
axis of the earth, and the final axis is perpendicular to the plane formed by the other two
axes so as to satisfy the right-hand rule. The earth is modeled as an ellipsoid as
described in the earth model WGS84.

2. Gun Frame to NED Conversion
a. Inputs

The following data are required as input:
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1) Gun-target azimuth, Az , (radians) clockwise with respect to true north
2) Projectile position with respect to gun frame (wrt/ MSL), X (m)

3) Projectile velocity components with respect to gun frame, u (m/s)

4) Latitude of target, ¢, (radians)

5) Latitude of gun, ¢,,, (radians)

6) Longitude of target, A, (radians)

7) Longitude of gun, 4,,, (radians)

8) Height of target above WGSB84 ellipsoid, hy,q, (M)
9) Height of gun above WGS84 ellipsoid, hy,, (m)
10) Height of gun above mean sea level, alty,, (m)

b. Known Values
From the WGS84 model:

R =6,378137 meters

equator —
1

f =
298.257223563
e? =1—(1- f )* =0.006694379990141

c. Determine ECEF Coordinates

Compute the ECEF coordinates such that the z-axis points northward along the Earth's
rotation axis, the x-axis points outward along the intersection of the Earth's equatorial
plane and prime meridian, and the y-axis points into the eastward quadrant, perpendicular
to the x-z plane so as to satisfy the right-hand rule.

R
N, = Zq‘fat‘;r (G.1)
\/1—e sin“(4,)

X (N, +h;)cos(¢,)cos(4,)
I.=|Y | =|(N_+h_)cos(g,) sin(4,) (G.2)
Z

L (N_(1-€®)+h,)sin(4)
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Where the subscript L can be either the gun or target location.
d. Computation of Direction Cosine Matrix

The direction cosine matrix (DCM) used to transform ECEF coordinates to the NED frame
is:

—sin(g )cos(4) —sin(g)sin(4,) cos(g)
[DCM, | = —sin(2,) cos(4,) 0 (G.3)

—C0s(¢ )cos(4,) —cos(g)sin(i) —sin(g,)
Again the subscript L is either the gun or target location.

e. Determine the Projectile Location in a Gun-Centered NED Frame

This is accomplished by rotating about the opposite of the gun-target azimuth about the
x2/Down axis.

Northy,, cos(Azy) 0 —sin(Azy) X,
XNEDguy = Easty, [= | sin(Azy) O Ccos(Azy) || X, —alty,, (G.4)
Downg,, 0 -1 0 X3

f. Determine the ECEF Vector Components from Gun-to-Projectile

Transform the projectile NED vector into a vector oriented in the ECEF frame using the
gun’s DCM.

[DCMgun]igun = XNEDg (G.5)

Note: Solve for X,

g. Calculate the ECEF Vector Components from Target-to-Projectile

This is done by, first, finding the vector from the center of the ellipsoid to the projectile.
This vector is simply the sum of the gun ECEF vector and the gun-to-projectile ECEF
vector. Then by subtracting from this center-of-ellipsoid-to-projectile vector the target
ECEF vector.
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Xtarget = Fgun + Xgun _Ftarget (G.6)

h. Obtain the Position of the Projectile in the NED Target-Centered Frame

Transform the target-to-projectile ECEF vector into a vector oriented in the target's NED
frame using the target's DCM.

XNeD = [DCMtarget]Xtarget (G.7)

i.  Obtain the Velocity of the Projectile in the NED Target-Centered Frame
This transformation is similar to the steps above.
1) Determine the Projectile Velocity in a Gun-Centered NED Frame

This is accomplished by rotating about the opposite of the azimuth to target about
the x2/Down axis.

Northgur cos(Az,) 0 —sin(Az,) [[u,
Unep,,, = | Easton | = | sin(Azy) 0 cos (Azy) || U, (G.8)
DO.Wngn 0 -1 0 Us

2) Determine the ECEF Vector Components of the Projectile Velocity

Transform the projectile NED vector into a vector oriented in the ECEF frame using
the gun’s DCM.

[DCMgun]U = UNEDgun (G.9

Note: Solve for U

3) Obtain the Velocity of the Projectile in the NED Target-Centered Frame
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Transform the projectile ECEF vector into a vector oriented in the target's NED frame

using the target’'s DCM.

Ungp = [I:)CI\/Itarget]U

3. Computation of Euler Angles in the NED Frame

The Euler angles (y, 6) of the projectile velocity in the NED frame are:

4 u
w = tan 1U—E —n<y<rx
N
_ —u
0 = tant—2_ - <<t
2 2

JuZ +uf

Where ug, uyand upare, respectively, the eastward, northward
components of projectile velocity in the target-centered NED frame.

4. List of Symbols

(G.10)

(G.11)

(G.12)

and downward

Symbol Definition Units

alty,, Altitude of the gun wrt/ mean sea level m

Az, Gun-target azimuth rad
DCM Direction cosine matrix -
DCM,, Direction cosine matrix to convert ECEF to NED for the gun -
DCM,, Direction cosine matrix to convert ECEF to NED for the -

target

e Eccentricity -

ECEF Earth-centered, earth-fixed coordinate system -

f Flattening of the earth -
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h Height above WGS84 ellipsoid m

Ngun Height of gun above WGS84 ellipsoid m

Niarget Height of target above WGS84 ellipsoid m

MSL Mean sea level -

N Distance from surface of ellipsoid to polar axis along line m
normal to the ellipsoid surface

Requator Equatorial radius of the earth m

Toun ECEF position vector of gun m

Tiarget ECEF position vector of target m

u Projectile velocity vector in the gun frame m/s

Uy, Uy, Ug Components of projectile velocity in the gun frame m/s

Unep Projectile velocity vector in target-centered NED frame m/s

Uy,Ug,Uup  Northward, eastward and downward components of m/s
projectile velocity in target-centered NED frame

UNEDg,, Projectile velocity vector in gun-centered NED frame m/s

U Projectile velocity vector in earth-centered, earth-fixed m/s
coordinate system

X1 axis Axis which runs from the gun to the target -

X2 axis Axis oriented perpendicular to the WGS84 model’s surface -
of the earth

X3 axis Axis oriented perpendicular to the x1-x2 plane so as to -
satisfy the right-hand rule

X Projectile position vector in the gun frame m
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Xq s Xg, X3 Components of projectile position in the gun frame m
(x2 component given wrt/ mean sea level)

XNED Projectile position vector in target-centered NED frame m
X NEDg Projectile position vector in gun-centered NED frame m
Xgun Gun-t_o-projectile vector in earth-centered, earth-fixed m
coordinate system
Xtarget Targe.t-to-projectile vector in earth-centered, earth-fixed m
coordinate system
XNEDtarget Projectile position vector in target-centered NED frame m
A Longitude rad
Agun Longitude of gun rad
Atarget Longitude of target rad
) Geodetic latitude rad
Byun Geodetic latitude of gun rad
Brarget Geodetic latitude of target Rad
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ANNEX H ADDITIONAL TERMS FOR GUIDED MUNITIONS ‘

Introduction

This annex presents two methods for extending the use of a modified point mass
trajectory for guided munitions. The first method concerns guided munitions using Global
Positioning System (GPS) and Inertial Navigation System (INS) incorporating estimates
for the vertical and horizontal angles of yaw to simulate the flight of the guided munition.
The second method of guidance concerns maintained munition pointing, or attitude hold
gliding, for laser guided munitions. The equations in this annex are to be used during the
guided and terminal phases of the trajectory, where the munition departs from a ballistic
trajectory (t >t )

Modified Point Mass for GPS Guided Munitions

The figure below shows the phases of a trajectory for GPS guided munitions. The
trajectory follows three phases: ballistic, proportional navigation, and terminal. The first
phase is an unguided ballistic phase occurring from muzzle exit until the projectile
reaches the time to initiate guidance, tg. Once t > tg, the trajectory is modeled with
proportional navigation until the trajectory reaches terminal conditions. Once in the
terminal phase, the trajectory is modeled as a beam rider to the target impact point.

Mid-Course Guidance Phase

Trajectory Summit

or Time Setting | dt, ,’l tg gntti%rr:r;ic)iiate Aim Points
(t) Lo P End of Mid-Course
Ballistic Phase | — Guidance Aim Point
Control ! \ _________________________ / Terminal Phase
gigf‘g;s . Proportional Navigation 7T T ~ Terminal
or Attitude Hold \ K N Aim Point

: Height Above R .t'\'
Ejects ~ Trajector ange to "\
J Y Target (AHT) Target (ART)A
------- Line of Sight Target
* Trajectory shown does not take these points into consideration

Figure H-1. Phases of GPS Guided Munition Trajectory
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If the control surfaces are deployed at time teq during the ballistic phase, the form factor
and zero-yaw drag force coefficientare i, and CDog respectively.
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3. Pointing of Munition
The pointing of the munition is assumed to be the same as the pointing of the velocity

vector. The projection of the velocity vector on the vertical (yv) and horizontal (yn) planes
is given by:

V= arcsin(vvzj (H.1)
V3

7, = arctan " (H.2)
1

Then define a unit vector along the longitudinal axis of the munition including an estimate
of the angles of yaw to simulate the guidance technologies during the guidance phase.

24

Projectile
(V1,v2,v3)

!
7 ST
% . |
3 | | >
Velocity i -
Vector (v) v
Figure H-2. Angles for Pointing of Munition
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4. Proportional Navigation Guidance to an Aim Point

The unit vector along the longitudinal axis of the munition to proportionally navigate to an
aim point beginning at the initiation of guidance (tg) is given by:

fa ah
cos(y, + f,a, +fpa,, +fna,,) cos{;/h +( n Mo

cos 7,
X =3sin(y, + favoevpn + fgbocvgb + frmavrb) (H.3)
. fahah
cos(y, + f, o, +fua, +f,a )siniy, + =
v pn gb rb COS 7/\,
where:
. 8m N, 4,
Von — 5 ) (H.4)
ﬂ'pd [CL +C|_ 30{9 jV
ag ag
8mN, A
Q, =- h%h (H.5)

pn

TP dZ(CLag +CLa 3ocgzjv

Nv and Nn are the vertical and horizontal plane navigation ratios, respectively. They are
treated as functions of time from time-of-guidance (t - tg).

The pointing angle or angles of line-of-sight vector (from munition to aim point) in inertial
space are obtained from the known aim point position and the munition position (for all
aim points in the guidance phase) from GPS by:

Xz - Xz
A, = arctan o - (H.6)
\/(Xlap - xl)z +(X3ap - Xa)
Xs - Xs
A, = arctan| —— (H.7)
Xlap - Xl
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24

Projectile
(X1, X2, X3)

,/Aim Point
Xlap, X2ap, XSap)

Figure H-3. Pointing Angles (Line of Sight Vector)

Then the rate of change of the pointing angles to the aim point are given by:

5 P, xR B, =, = X)X, X, - X)X

V [(Xlap - Xl)z +(Xzap - X2)2 +<Xsap - Xs)z]\/(xlap - Xl)z +(X3ap - Xs)z

(H.8)

; (xlap - Xl)XS _(xsap - XS)Xl
SRR RITRE "

ap

gravity bias (“vgb ), which is determined as a function of time, is given by:

a0 - 8g,mcos y, (H.10)

TP dZ(CLag +C'-a . onzg)v2

NOTE: g2 represents the vertical component of the gravity vector.
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and rate bias («,_ ), which is determined as a function of ground distance to aim point and
provides the trajectory shaping, is given by:
8m -7, JRB
a, =- e, =7, 8, (H.11)
T p dz(CLa +C, | 05zg)v2
Where RBy is the value of the rate bias term for the ground distance to aim point at
time t.

To compensate for the approximations in the equations of motion, the fitting factors f, ,
fo, » T, @and f,, are applied in order to match the computed and observed results. The
factor on gravity bias ( f,) is reduced linearly starting at a distance from the aim point to

0 at a closer distance to the aim point. Fitting factors are defined in Table H-1.

The total angle of yaw during the guidance phase, ¢, , is given by:

dy =X —(>"<~\7)(12j (H.12)

5. Maximum Angles of Yaw

The total angle of yaw combining the horizontal and vertical directions will not be allowed
to exceed certain constraints. A vertical upward angle of attack (f a, +fpa, +fya rbv)

will increase the range by increasing lift and reduce the range by mcreasmg the drag.
These opposing effects are balanced to avoid a decrease in maximum range by defining
a vertical upward angle of attack limit ,, _ that yields the maximum lift-to-drag ratio; and

(f,, @ ) must vanish as (f, a, + fgba + 1@y ) @PProaches @, or the total drag
will be increased beyond the maximum lift-to-drag ratio.

Therefore, for (f a, + g, + fna rbv) > 0: the limitation on the vertical upward angle
of yaw (f a, + fgba + f,a rbv) iISa,, . The limitation on (fahahpn) will be dependent
on the magnltude of(f a, +fpa,, + frbv rbv) If a,, is the limit on (fahahpn) when

(f a, +fpa,, + fna rbv) 0, then when (f a, + fgba + fa rbv) >0, a,  mustbe
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reduced to prevent (fah an ) from adding drag that would compromise the maximum lift-

to-drag criteria.

The horizontal angle of attack is limited as follows:

‘(fh\, o, )max‘ oy \/1_ (fav a, + fon avgzb + frbvarbv)z ra, (H.13)

g9
Ay max

For (fwvozVpn +fpa,, + frbvarbv)g 0: the maximum lift-to-drag ratio no longer applies, since

the downward lift and drag no longer oppose one another, so the primary limiter can be
(fa ay
h pn

(fah “hpnl will be ¢, and

Therefore, for(favozvpn +fpa, + frbvarbv)s 0: the limitation on
the limitation on (favavpn+fgbavgb+frbvarbv) will be dependent on the magnitude of

(fah “hpn) and the maximum vertical downward angle of attack 4 _ -

The vertical downward angle of attack is limited as follows:

2
fah Ay

(f,, @, + oy @y, + Tt =i 1 (H.14)

rbv*~*rbv
ay,

max

The maximum vertical upward (¢, _ ), vertical downward («,q__ ), and horizontal (¢, _ )
angles of attack are functions of Mach number.
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Velocity
Vector of
Projectile

Figure H-4. Maximum Angles of Yaw

Ong is the additional guided horizontal angle of yaw constant applied to the horizontal
guided yaw in order to provide horizontal maneuverability when the projectile was at the
alpha vertical max/min.

6. Terminal Phase (Beam Rider):

The following equations compute the vector of the velocity of the projectile in relation to
the line-of-sight to the target angle and the angle of fall. The terminal phase is initiated
when both of the following conditions occur after tg:

ﬂ’v S V max

and (H.15)
7/V g j/vmax

Proportional navigation yields unpredictable behavior as yv approaches a vertical dive
angle. If the above conditions are met, equation H.12 must be modified as follows in
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order to compensate for this limitation in proportional navigation for the remainder of the
trajectory:

_ V?(AE)-(v-AEN

a, = ) (H.16)
where:
Elap -k
AE=|E, -E, (H.17)
E3 _Es

To give the projectile a realistic flight path and to avoid an immediate turn of the projectile
to the line-of-sight vector, equation H.17 is limited with a predefined maximum angle of
attack agmax, in radians, such that once ag exceeds this angle the yaw vector becomes
the following:

_ a,
Ay = Oy P (H.18)
9

The lift factor f_ is also modified by the terminal lift factor term f., such that the lift factor
becomes the following:

fL = th(fL) (H.19)

7. Fitting Factor
Table H-1. Fitting Factors

Fitting Factor Data Requirement | Symbol Function
Vertical angle of yaw" fav f, =a, +a,(4)+a, (4,)?
Gravity Bias angle of yaw" foo fo =2, +a,(4,) +2,(4,)*
Horizontal angle of yaw" fo, f, =a, +a,(4)+a,(4)’
Rate Bias’ fro fio, =80 + 8, (4,) +8,(4,)°
Lift During Terminal Phase f f, =a,

"Note: A, and A, are evaluated at tq
8. Maintain Munition Pointing (Attitude Hold) for Laser Guided Munition

Mid-Course Guidance Phase
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Trajectory Summit
or Time Setting

(t)

Ballistic Phase

Attitude Hold
Phase

.
1
1
1
1
! /
1
1
1
1

Target

Figure H-5. Phases of Laser Guide Munition Trajectory

Laser guided munitions follow a ballistic trajectory until time t is greater than the sum of
the time setting tsg and delay time dy. At the time of glide initiation tg, munition pointing
of the projectile is maintained. This is represented by the following equation:

C0Sy,, COSyy
X=1siny, (H.20)
cosy, siny,

The unit vector remains fixed as above as long as ¢, the total angle of yaw during the
guidance phase, is <«,, . When o, >a,, due to the path of the trajectory falling

away from the pointing vector of the munition, the attitude must be allowed to drift
downward to prevent «, from becoming too large and causing the munition to stall.

During guidance, when «, >, the unit vector is:
max

cosly, +a,, |COSy,
max g

v,
tg

X=qsinly, +a,, (H.21)

Vig VU,

Ccos +a sinyy,
x 9
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9. List of Additional Symbols

Symbol

NATO UNCLASSIFIED

Definition Units
Zero yaw drag force coefficient with none
control surfaces deployed
Lift force coefficient during guidance phase 1/rad
Cubic lift force coefficient during guidance phase 1/rad®
Time between the end of ballistic phase and S
start of guidance (tg)
Fitting factor on vertical angle of yaw none
Fitting factor on horizontal angle of yaw none
Fitting factor on gravity bias none
Fitting factor on vertical rate bias none
Fitting factor on terminal lift factor none
Form factor during ballistic phase with none
control surfaces deployed
Vertical plane navigation ratio none
Horizontal plane navigation ratio none
Vertical Rate Bias none
Time-of-control surfaces deployment S
Time-of-guidance or glide S
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Velocity along 1-axis m/s
Velocity along 2-axis m/s
Velocity along 3-axis m/s
Position of projectile along 1-axis m
Position of projectile along 2-axis m
Position of projectile along 3-axis m
Position of aim point in the ground-fixed m
coordinate system along 1-axis

Position of aim point in the ground-fixed m
coordinate system along 2-axis

Position of aim point in the ground-fixed m
coordinate system along 3-axis

Angle of yaw during guidance rad
Total angle of yaw during guidance phase rad
Guided horizontal angle of yaw constant rad
Maximum horizontal angle of attack rad
Proportional navigation horizontal angle of yaw rad
Maximum angle of attack rad
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Ayg Maximum vertical downward angle of attack rad
ay, Gravity bias vertical angle of yaw rad
a, Proportional navigation vertical angle of yaw rad
X oy Vertical Rate Bias vertical angle of yaw rad
. Maximum vertical upward angle of attack rad
AHt Difference in height between the End of m
Mid-Course Guidance Aim Point and the target
ARt Difference in range between the End of m
Mid-Course Guidance Aim Point and the target
7h Angle of projection on the horizontal plane rad
7y Angle of projection on the vertical plane rad
A Horizontal inertial line-of-sight angle rad
A Vertical inertial line-of-sight angle rad
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ANNEX | GLOSSARY OF TERMS ‘

. Reference Frame and Axes

All vectors have as a frame of reference a right-handed, orthonormal, ground-fixed,
Cartesian coordinate system ( ang| 2, ) whege:

a. the origin is the point where the local vertical line, perpendicular to the surface
of the geoid, through the weapon trunnion, intersects the geoid.

b. the1 axis is the intersection of the vertical plane of fire and the horizontal plane
and pointing along the gun to target line.

c. the2 axis is parallel to the gravity vector, g, and opposite in direction.
d. the 3 axis completes the right-handed coordinate system.

The geoid is the surface within or around the earth that is everywhere normal to the
direction of gravity and coincides with mean sea level.

. Geophysical Approximations

The following geophysical approximations are used in this document.

a. The geoid is locally approximated by a sphere with a radius (R) of 6,356,766
metres.

b. The gravitational acceleration, ¢, has the scalar magnitude
go = 9.80665 [1 - .0026 cos (2 lat)]

at the surface of the above-mentioned sphere and is inversely proportional to
the square of the distance from the center of the sphere. The term “lat” is the
latitude of the origin of the coordinate system.

. Coriolis

The origin of the coordinate system is fixed to the rotating earth, therefore, a Coriolis
acceleration term, , is inclvded.
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4. Yaw of Repose

The Yaw of Repose is defined by an approximation to the particular solution of the
classical linearized equations of yawing motion for a dynamically stable projectile
possessing at least trigonal symmetry.

NOTE: Based on comparisons of test firings and modified point mass simulations,
it has been determined that quadrant elevations corresponding to a yaw of repose
of 0.6 radians provide a good approximation of a weapon system’s practical
maximum quadrant elevation. Quadrant elevations exceeding this limit can lead to
erratic flight behavior reflected by increased dispersion in the deflection plane.
Details can be found in the reference, Collings, W.Z. and Lieske, R.F., “A study of
Artillery Shell Drift at High Angle of Fire Using Solar Aspect Sensors,” BRL-MR-
2244, U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, November 1972.

5. Windage Jump

Windage Jump corrects for the effect of a transient yaw caused by a wind shear.
This gives the “Modified Point Mass Model” the ability to perform the correct second
order response to wind, range effect due to a cross wind, and the deflection effect
due to a range wind.

6. Fitting

To compensate for the approximations in the “Lieske Modified Point Mass Model”
and the aerodynamic data, certain fitting factors are applied in order to create
correspondence between the computed and the observed values of range,
deflection and the time of flight.

Two fitting systems are used, quadrant elevation or Mach number as shown in
Table I-1 below:
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Fitting Data as a Function of
Fitting to
Quadrant Elevation Mach Number
[One function for each [Same function for all
charge] charges]
First Order *Form factor: i Drag factor: fp
Range, all
elevations (Drag factor: fp = 1) (Form factor: i = 1)
Drift Lift factor: fL Lift factor: f.
Second
Order Yaw drag factor: Qp Yaw drag factor: Qp
Range, high
angle
Vertex
height . :
Magnus force factor: Qum Magnus force factor: Qm
and time of
flight

*In many countries a ballistic coefficient, C=m;/id 2, isin use as a
fitting factor instead of the non-dimensional form factor i.
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Title Topic
International Standard ISO 2533: Specifies the characteristics of an ISO
Standard Atmosphere, First Edition Standard Atmosphere and is intended
International Organization for for use in calculations and design of
Standardization, 1975. flying vehicles. Also recommended in

the processing of data from
meteorological observations.
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